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Abstract

In this research, a new method is developed for solving the conformable fractional differential equations. A
general form of fractional power series is introduced in the sense of the conformable fractional derivative, with
corresponding convergence property. To illustrate the functionality of the proposed expansion, we apply the
corresponding iterative power series scheme to several fractional (integro-) differential equations. Our results are
shown to demonstrate the efficiency of the proposed method.
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Generalized conformable fractional power series

813 Generalized fractional power series (GFPS) afugnand t = t, agluguvesaynsuaiiud

oo
D it —t0)" ™ = coo + cor(t — to)" + cro(t — to)* + coa(t — to)”
i+j=0

+ et —to)* T + oot —to)>* + -+,

Wlo ¢;; Juduuszansveseynsu uas i,j e Nt >0
1 1 e 1
o v = 2 =1
Tngvluudnde o = 1, wldin >t — o) Wo e = 32,4,y cij
k=0

UBN9INTU GFPS @wsallie Cauchy product Wnuge

oo oo
Zcij(t—tolaﬂ:(ZaZt—to > ijt—to

i+5=0 j=
d‘
L8 Cij = aibj.

GFPS 9AfUENAN to = 0 WWeuLnueme

Z cigt M = coo + cort’ + e10t® + coat® + et 4 eoot? + -+
i+5=0

A9t Cauchy product Wnumay

Z thm—o—g _ <Zaztm> ibjtj ;
§=0

i+5=0

Li‘la Cij = aibj.
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Convergence of generalized conformable fractional power series

o ¥

ununsn 61 ) axt™ il dmsu ¢ = a > 0 ud synsuilazgiuuuduysal (absolutely convergence) dmiy
k=0

te(0,a)

o0 oo

MAURUN 01 A = > apt™ uay B = bet" Wi A geiuuudiysalg o dmiu t =1, > 0 waz B guing b
k=0 k=0 .

dm3U ¢ = t, > 0w Cauchy product of A uag B giling ab dwsU ¢ = t. > 01810 t. = min {t,, t,} .

Generalized conformable fractional power series method

270
TP = ptP=> §wunn 9 peR.

o0
y(t): Z cijti,a+j

i+5=0

L Ty(t)] = acio+ 2ac0t® + 3acsot®™ + - --
ot ™ + (a4 Vet + 2o+ 1)eant®™ + (3a + Deg 122 - -
12002827 + (o + 2)c1at? + (20 + 2)eaat® 2 + (30 + 2)egat2 T2 4 -
+3c03t> ™" + (a + 3)ci3t® + (20 + 3)ea3t™ ™ + (3a + 3)cagt® T + -+
Heoat' ™ + (a + A)erat” + (20 + 4)et™ ™ + (3a + 4)esgt®* T+ -

o0 o0

T[y(t)] = Z(ia)cwt(i_l)a + Z(j)cojtj_a + Z [(i 4+ Do+ j + Ueipr jpat T
i=1 j=1 i+j=0

2. T*[y(t)] = (a)(2a)co0 + (2a)(3a)csot®™ + (3a)(4a)csot®® + (4a)(5a)esot>™ + - - -
+(1 = a@)eort 2 + (a4 Vet ™ + (2a + 1) (o + 1)cort + - - -
+2(2 — a)cpat® 2 + 2(a 4+ 2)c1ot? ™ + (20 + 2) (o 4 2)coat® + - -
+3(3 — a)cozt® 2 + 3(a + 3)c13t> ™ + (2a + 3)(a + 3)cazt® + - - -
+4(4 — a)coat* 2 + d(a + 4)erat* ™ + (2a + 4) (a4 4)cggt* 4+ - -
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efy®] = 3 (G- Da)(ia)eiot T+ 3 (5 = a)(j)eogt!
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.
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(i +2)a+7+ (i +Da+7+ Ve jprt >t
i+j=0

Wlp T2 = ToTe

Generalized conformable fractional power series method to differential equations
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i+5=0

Wie ¢;; wnudnuszansilinsiuen
Tunuddell aulanaennawassouln ¢ = ¢, TuAe naRasavagluuves
oo
Y = coo + cort' + c1ot™ + coat® + 11t + egpt?* + - = Z cift* ™t
i+5=0
1n8agyNIsINALRAEYRIENNTTRURUT B AvdIuLUUA U BLIL TS
T2y(t) + aTy(t) + by(t) = g(t),

WAZANNITOYITUS-USHUS WaAwdukuumaunawidaand (fractional integro-differential equations)
1
Tyt =gt) + A [ Kt Dl a2 1,
0
wiouRouluAEueU
yD(0)=a;, i=01,....,r—1, r—1<a<r reN.
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T[y(t)] = Ay(t), y(0) =yo, t >0. (1)
W i
oo
i+j=0
Wunalnasvesauns (1)
LAUAT
Tly(t)] = (ia)eiot" D+ "(Geot ™ + > [+ Do+ j + Ueigr jpat >+,
i=1 j=1 i+j=0
asluauns (1) agle
oo oo
Z(la Clot Ja + Z COgt] @4 Z i+Da+75+ l]Cerl ij1tw¢+3-|-1 =\ Z ¢ij plat] (2)
i=1 j=1 i+75=0 i+75=0
o0 b2
A D et avsenvisasinsvesannis (2) ald
i+j=0
o0
Z i)t 4 Z cost! T + Z i+ VDa+ g+ e joat T — A Z eyt et = 0. (3)
i=1 j=1 i+5=0 i+35=0
Jagulni agla
Z [(7, + 1)04 + 5+ 1}Ci+17j+1tza+J+l = Z [(7, + 1)04 + j]CZ‘_H,jthrj - Z(ia)ciot(zil)a. (4)
i+j=0 it+j=1 i=2

wWNUENNS (4) adluaunis (3) agla

Z(za Jeiot T H 4 Z cojt? ™™ + Z Do+ jleipr

i=1 i+j=1

—Z (ia) clot(l Do\ Z C t’a”

i+5=0

MTUINAUN 1 v0sauns (5) WeuLnunanil 1 Mo ¢ = 2 uay Weuwnunatanyinesie i = 1 agla

(oo} o0 (oo}
acip + Z(ia)(%ot(i_l)a + Z(j)cojtj_a + Z [(i + Da + jleiyr ;277
i=2 =1 itj=1

—Z i) cot(l Do Nego — A Z ci t“"'H

i+j=1

= 0. (6)
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aclg + Z(j)COjtj_a + Z [(’L + 1)0& —‘y—j]ci+1,jtia+j — ACgg — A Z Cijtia+j = 0.

=1 i+i=1 i+i=1
= = 9} a £ sala o o A 1w v
WIS UINYUANUTEANTUDINAUNULAVENAIRIVDY ¢ NMNNU 7\]3‘1@

A

€10 = —Co0, (7)
«
bbEYS
)\Cij . .
1= —— for > 1. 8
W9 = g ety 2 ”

a 1 v v fa a . 1%
Senaunis (7) wazauns (8) 11 AnudunusIeuia (recurrence relation) kazazls

o = Moo New o A
20_(2)042’ 30_(2'3)(137 40_(2'3.4)0447""

Weulveglugunauiald agla

Aie
Cio = O-Oa = 0a172737
'a'L
et .
A'L
N iz05=0,
a’q!
Cij =
0; otherwise.
270

oo
y(t) = Y eyt

i+j=0

flatu NaRasybluvesaunis (1) As

o0 ) o0
y(t) = ciot™ =coo Y
i=0 i=0

Ao et 9)
a’ql

Y oAy
nRoUlrAIENAUY »(0) = yo

0
Yo = Coo€ = Yo

et
€00 = Yo-
NALRAYLRNIZVDIAUNTT (1) AD
y(t) = ciot™ =yo » Sl = e ().
=0 =0
HamMsUTeuiigumneulagUsvinaiuAneudauandlinegui 1 We 0 < a <1,y =1 Uag A =1 O

A2981991 2 LARINITUINALRAEYDY

T[y(t)] — Ay(t) =27, y(0) = yo, (10)
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W 0<a<luagt>0
@/

0o
E CijtlaJrj

i+j=0
\Junalnagvesaunis (10)
MnReuluAmEudy asnsadsunaagleglusuves
oo
y(t) = yo + Z Cijtm‘-‘_]. (11)
itj=1
91N
T[y(t)] = Z(m)cz'ot(z_l)a + Z(j)cojt]_a + Z [(i + Da+ j + eipr et @+,
i=1 j=1 i+5=0
wuaunis (10) aglel
o0 o0 o0
Z(za CzotL Jox + Z C()jtj_a + Z [(’L + 1)0[ -|—j + 1]Ci+1’j+1tla+]+l
i=1 j=1 i+5=0
— t2—a
o0
- Z CijtiaJrj (12)
i+5=0
Jagulnd 2ela
o0 o0 o0
Z [(Z + 1)0& +] + 1}Ci+17j+1twé+j+1 Z ) + ]. OL +]]Cl+1 tlaJrj - Z(’L'Oé)ciot(zil)a. (13)
i+j=0 +i=1 =2

wnuauns (13) asluaunis (12) aglel
et
Wsuisudulseansveanauiniiavenindaved + Awinnu azle
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D (ia)eit D+ 3 (eogt " 4+ 37 [+ D+ fleian
=t =1 =1
o] o) — t2—o¢
= Gient D < 3 eyt (10
i=2 i+j=0
acio + Z(j)COjtjia + Z [(Z + ].)Oé + j]Ci+17jtia+j
Jj=1 itj=1
oo = tQ*O‘
*/\Coo — )\ Z CijtiaJrj
i+ji=1
LAy \
Cij . .
vl = ——————, for >1
Cit1,5 [(Z—f—l)a—i—j] 1+7 2
Azl
A 22 A3
¢ 9t 2) ¢ = C = PP
YT o0@+2) P 200 +2)(20+2) P 20a+2)2a+2)Ba+2)
5354

= N0 Ny Ny
20 (2)0{27 30 (23)0[37 40 (234)0[47

Feanunsadeulviegluguanuduiusdowin uwnusie

)\i
; ;> 0,7 =2
20a+2)2a+2)Bat2) -(iat2) =772
cg =A% 5 g
aiql’ -7 ’
0; AU 9
0 N
y(t) = yo + Z CijtiaJrj
itj=1
flatu NaLRALYRIANN1S (10) A
>\ o 1 2 - Ta+2 - (Yo
y() = o + Zyot® + o7+ Y et it (15)
1=1 1=2

Wownu o = 1 adluaunis (10) agla
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EU'W 2: NaﬂqﬁLuﬁﬁJ‘UWlEJUﬂWmaﬂiﬂﬂﬂigmqmﬂuﬂﬁlma‘uﬁﬂ'ﬂaQW]@EJ'N‘V] 2 0<a<l,yy=1ag A=1

& A I3
FaUnaRas 1u
1 o7} . '] ,
y(t) = yo + Ayot + §t2 + Z ot + Z ciot"

i=1 =2

Aiyo
!

p
LB ¢ =
7N

for i >1and ¢ = , for ¢ >2.

A
G+2)1

AU NALRASANNTS (16) WNUAIEY
1

1 t
— At
O ) E

= = ° v o 19} Yo al' =
Naﬂ']iLUiEJ‘UW]EJUﬂ']@aUIWﬂﬂiguqmﬂUﬂqmausﬁﬂLLa@ﬂlﬂﬁQgUW 2B 0<a<l,yy=1kaz A =1

881990 3 LARINITIINALRAYVD

T2[y(t)] — 2T°[y()] +y(t) = (2 —a)t* 2>, 0<a <1, t>0.

[eS)
y(t) = Z Cijtia—i_j

i+5=0

Wunaasvasaunis (18) 270

T[y(t)] = Z(ia)cz‘ot(i_l)a + Z(j)cojtj_a + Z [(i + Do+ j + Ueipr jpat T,
i=1 =1 i+j=0

wag
T [y(t)] = Z((i = Da)(ia)eiot "D+ (j — a)(G)eot’ > + D (5) (G + a)er;t!

i j=1 j=1

+ > G+ 2)a+ i+ (4 Da+ j + Deira ot
i+5=0
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a(2a)cz0 + Z(za)(z — acipt =2 4 Z )G — a)cot? 72
i=3 j=1

oo

+Z (J+a cljtj

S G4 at D+ Dt 4 Doy t™H = (2 a)E
i+75=0
(o ] ) o0
—2ac1p — 2 Z(ia)cmt(kl)a -2 Z(])Cojtj @
i=2 j=1

> o0
) Z [(i + Do+ + Ueigr 41t 4+ o0 + Z ey tiotd
S iti=1

o

dll v sala o o . v
LD UAYUYDINIUNULAYVNIDN ¢ "\]31@

a(2a)ego + Z[(z +2)a][(i + 1)a]citaot™ + Z )(j — a)cot? 2
i=1

oo

—1—2 )(j + « cljtj

+ Z i+ 2)a+ 7+ 1)+ Da+j+ Deiyg jat et = (2-
i+j=0
720&610 -2 Z[(l + 1)0[]01'_;'_170#& -2 Z(]’)Cojtjia
— =

')
—2 Z [(Z + 1)0[ +] + 1]Ci+17j+1tia+j+1 + Coo
i+5=0

+ Z Cijt tla+j+1+zc7,0tla

1+5=0

WSgueuduUsEaNSUeanaUnlauTANasued + Mwindu agle

20[010 — Coo
C: =
20 04(201) )

o _2[(i 4 D)acir1,0 — cio
20T T+ 2)a[(i + Da]
1

57

1

Co2 =

Oé)t272a.

dmsu i > 1,

17
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WAL
2[(i + Va4 j + 1ciy1 j4+1 — Cijgt1

Citg in] = —o : : : , fori4+j>0. (24)
PRI T TG e+ + [+ D+ 4 + 1] )=
Ly
iOtClo — (Z — 1)0()0
Cio = il )
(e
214+ 1
C24,2 = . )
#2272l + 22a + 2]Ba + 2 - - - [(20)ax + 2)]
i+ 1
C2i+1,2 =

[a+2]2a + 2|[3a+ 2] [(2i + 1)a+ 2)]’

AU i > 0 kAL ¢;j = 0 ANDY 9

N .
y(t) = + Z Cijtia+j7
itj=1
NALRABYRIFUNS (18) A
iacig — (1 — 1)coo ;g 2i+1 2ia+2
t) = : t t
y(t) €00 +Z il +; oo+ 22 + 2|Ba + 2] - [(20)a + 2]

= i+1 (2i+1)a+2
* ;a+2 12c + 2][Bac 4+ 2] - - [(2¢ 4+ 1)v + 2] '
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1
T[y(t)] = te' + e —t —|—/ ty(t)dr, 0<a<1l, 0<t<1, y(0)=0. (26)
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Abstract

In this paper, an analytical solution to nonlinear fractional
integro-differential equations based on a generalized fractional power
series expansion is presented. The fractional derivatives are of the
conformable type. The new approach is a modified form of the well-
known Taylor series expansion. [llustrative examples are presented to
demonstrate the accuracy and effectiveness of the proposed method.

1. Introduction

Fractional calculus and differential equations have been widely explored
due to their great importance in scientific and engineering problems. For
example, fractional calculus is applied in fluid-dynamic traffic modeling
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[10], signal processing [19], control theory [5], and economics [3]. For
more details and applications of fractional derivatives, we refer the reader to
[21, 15, 7, 6]. Several types of fractional derivatives have been introduced
to date. The most popular of which are Riemann-Liouville and Caputo
fractional derivatives, but these two kinds of derivatives do not satisfy
the product rule. Recently, Khalil et al. [13] introduced a new definition
of fractional derivative, called conformable fractional derivative, which
satisfies the product rule. The basic properties of the conformable fractional
derivative have been obtained [1, 22]. Real-world phenomena often are
modeled by the linear and nonlinear fractional differential equations [4, 25].
Many mathematical formulations contain nonlinear integro-differential
equations with fractional order. However, integro-differential equations are
usually difficult to solve analytically, so it is necessary to obtain an efficient
approximate solution. Rawashdeh [20] applied a collocation method to
study the integro-differential equations of fractional order, and the authors of
[24] applied a spectral collocation method to solve stochastic fractional
integro-differential equations. Momani and Noor [16] applied the Adomian
decomposition method (ADM) to approximate solutions for fourth-order
integro-differential equations of fractional order. Nawaz [17] applied
the variational iteration method and homotopy perturbation method for
fourth-order fractional integro-differential equations, and the authors of [26]
presented a computational method based on the second kind Chebyshev
wavelet to solve fractional nonlinear Fredholm integro-differential
equations. In [11], an approximated solution of fractional integro-differential
equations using the Taylor expansion method is presented. Among these
methods, the Taylor expansion method is the most attractive. To date,
several fractional power series expansions have been presented in the
literature [8, 9, 18, 2, 23, 14, 12]. In [2], a new algorithm for obtaining a
series solution for a class of fractional differential equations was presented.
Syam [23] investigated a numerical solution of fractional Lienard’s equation
by using the residual power series method. In [14], a new method, called
the restricted fractional differential transform method (RFDTM), was
developed to solve rational- or irrational-order fractional differential
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equations. Recently, Jaradat et al. [12] proposed a new method based on a
Taylor series expansion to solve fractional (integro-)differential equations
and compared numerical solutions with exact solutions. A new series
expansion was proposed to obtain closed-form solutions of fractional
(integro-)differential equations of the Caputo type. This expansion provides
a more integrated representation of the fractional power series with a related
convergence theorem called a generalized fractional power series (GFPS).

In this paper, we adopt the conformable fractional derivative with GFPS

and apply it to solve nonlinear integro-differential equations:
1
)= ho)+ [ ke D@ g2 (M

subject to the initial condition

y(O) =)o (2)
where 0 < o <1, k(¢, t) and A(¢) are smooth functions. The derivative used
is the conformable fractional derivative. The paper is organized as follows.
In Section 2, some preliminaries used in this work details the proposed
method, which is the GFPS in the conformable fractional derivative are
presented. Some analytical and numerical results are presented in Section 3.
Section 4 gives the conclusions of the paper.

2. The Generalized Conformable Fractional Power Series Method

In this section, definitions and properties of the conformable fractional
derivative and the GFPS are presented. The derivative in equation (1) is the
conformable fractional derivative which was defined in [13]. Throughout the

rest of this section, it is assumed that o e (0, 1].

Definition 2.1. Given a function f :[0, ) — R, the conformable

fractional derivative of forder o is defined by

l-ay _
T ) = tim L= 0 G)
forall ¢ > 0.
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Theorem 2.2. If f and g are a-differentiable at a point where t > 0,
then

T%[af + bg] = aT*[f]+ bT*[g],
forall a, b e R.

The power rule of the conformable fractional derivative is as follows.

Theorem 2.3. The conformable fractional derivative of the power

function is given by
T[] = ptP™*,
forall p e R.
The generalized fractional power series (GFPS) [12] was implemented

to solve equation (1), starting with the following definition and properties
related to the GFPS.

Definition 2.4. A generalized fractional power series of the form

o0
Z cl-jtl(Hj = oo + cOltl + clota + 00212 +q lt(”l + czotza + (D)
i+j=0
was used, where ¢ >0, is called the generalized fractional power

series (GFPS) about ¢ = 0. ¢; denotes the coefficients of the series, where
i, j e NU{0}.

Moreover, the GFPS can be naturally obtained as a Cauchy product of a

fractional power series and a power series as follows:
o0 a0 o0
2 et = e | D bt |, )
i+j=0 i=0 j=0

where ¢

ij = Cll'b'.
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Proposition 2.5. If Zfzo aktkOL converges for some t = a > 0, then it

converges absolutely for t € (0, a).

Proof. See [12].

Corollary 2.6. If ZZ;O bktk converges for some t =b >0, then it

converges absolutely for t € (0, b).

Proof. See [12].

ka

Theorem 2.7. Consider the two power series A = Z;::Oakt and

B = Z?: Obktk such that A converges absolutely to a for t =t, > 0, and
B converges to b for t =t, > 0. Then the Cauchy product of A and B
converges to ab for t = t. > 0, where t, = min{t,, t,}.

Proof. See [12].

Theorem 2.8. I/ y(t) is a generalized fractional power series,

() = Z;ijzo cijti“”, then the conformable fractional derivative of y(t)

of order o within the interval of convergence of t > 0 is given by

T[] = Y eioli) TV +3 ¢, ()e/ =

i=1 j=1

0

+ D c i+ Dot j+ 1004 (6)

i+j=0
Proof. Since y(z) converges, the conformable fractional derivative of
order a can be operated term-by-term within the interval of convergence of

t > 0. Then equation (6) is obtained.

To solve problems (1) and (2), we assumed that solution y(¢) takes the

form
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0

W)= D et (7)

i+j=0
where y(0) = y, and ¢;; are constants to be determined. Clearly, ¢op = yyp.

The proposed expansion (6) is utilized to introduce a parallel scheme
to the power series solution method. Illustrative examples are presented
to demonstrate the accuracy and effectiveness of the proposed method in

Section 3.
3. Numerical Results

In this section, three examples of the nonlinear integro-differential
equations are presented to exhibit the usefulness of the expansion (6). It
should be noted here that all the necessary calculations and graphical
analyses were done with MATLAB 2017a.

Example 3.1. Consider the nonlinear Fredholm fractional integro-

differential equation
1
Ta[y(t)]ztet+et—t+J.0ly(r)dr, 0<r<LO0<a<l (8)

subject to the initial condition, y(0) = 0.

In accordance with the previous discussion and using the initial
condition, the proposed generalized fractional power series solution to

equation (8) has the form

0

ye)= D et )

i+j=1

By substituting equation (9) into equation (8), the coefficients Cij»
i+ j =1, are determined by equating the coefficients of like powers of ¢

through determining a formal recurrence relation. This obtains
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o+ 2 ala+1)+1 < j+1
11 = + - - — |, 10
It B e | A Y ey ey A ALY
- Il g =0,2,3,4, .. (11)

(o + /) /!

and ¢; = 0 otherwise. Therefore, the exact solution of equation (8) is

_ a+l T j+1 a+j
() = et 4 +Z(a+,),' : (12)

with ¢y as in equation (10). Particularly, with o = 1, the exact solution for

the classical version of equation (8) is thus obtained as

j+1

y(t) = 1 +t+z (13)

Figure 1 illustrates the approximate solutions for a = 0.25, 0.5, 0.75, 1
in 7 €[0,1).

12

¥(t)

Figure 1. The approximate solution of Example 3.1 for o = 0.25, 0.5,
0.75, 1.
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Example 3.2. Consider the Volterra integro-differential equation
t
T[(1)] = 1 —IO y(t)dr, 0<i<1, O<a<l, y0)=0. (14)

Upon substituting all the relevant quantities into equation (14) and

collecting powers of ¢, we have

1
€10 :a: (15)

1 (-1’
GirLi T ol (o + ) Qo+ 1) (o + 1) (( + Dot + 1)

fori=1,2,3, .. (16)

where cij = 0 otherwise. Then the exact solution is

o0
1 i+1)o+i
y(t) = afa + ZCHL;"(H Yoot (17)
i=1
where ¢;,; ; satisfies equation (16).

Particularly, we can see the approximate solutions for o = 1, which are
derived for different values of 7. Then the exact solution in a closed form

is y(z) = sinz. Figure 2 shows the effect of a on the solution for a =

0.25,0.5,0.75, 1 in I € [0, 1).

Example 3.3. Consider the nonlinear Fredholm fractional integro-

differential equation

1 31 ; 1
T2[y(t)] = 2t2 —¢2 -0 " IO tr[y(r)]4dr (18)

subject to the initial condition, y(0) = 0.
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¥(®

Figure 2. The approximate solution of Example 3.2 for a = 0.25, 0.5,
0.75, 1.

Since the definite integral in equation (18) completely depends on the

3
variable t, the solution is spanned by the monomials {¢, 2, £ }. That is,

3
y(l) = COlt + Clltz + 002t2 (19)
with
1 [ 3
T2 [y(t)] = COltz + ECI 1[ + 2C02t2. (20)

By substituting all the relevant quantities into equation (18) and equating

the coefficients of like powers of ¢ from both sides, we obtain ¢y = -1,

cop =1, and ¢ satisfies

3 128 o 4 1024
cll(cll_ﬁcll+ﬁcll_(20995+12)):0' (21)

3
Subsequently, we have exact solutions of the form y(f)=t> —¢ + o2,

where ¢;; satisfies equation (21).
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4. Conclusions

In this paper, the analytical solution to nonlinear integro-differential
equations based on the GFPS was demonstrated. Three numerical examples
were presented. Figures 1 and 2 showed that as a increases, the approximate
solution decreases. The results reveal that exact solutions are obtained in the
form of a rapidly convergent series with an easily computable component.
In conclusion, the proposed scheme could be used further to study identical
applications. It could be extended to solve a variety of fractional differential

and integral equations in the science and engineering fields.
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Abstract

In this paper, a new general form of fractional power series is in-
troduced in the sense of the conformable fractional derivative, with cor-
responding convergence property. To illustrate the functionality of the
proposed expansion, we apply the corresponding iterative power series
scheme to several fractional differential equations. Our results illustrate
the power, efficiency, simplicity, and reliability of the proposed method.

1 Introduction

Fractional calculus has attracted much attention in the past twenty years. Frac-
tional calculus and fractional differential equations (FDEs) are widely explored
subjects thanks to the great importance of many applications in both pure
and applied science. The definition of fractional derivatives have been many
definitions. Most popular definitions are the Riemann-Liouville and Caputo
definitions, we refer to reader to [1-3]. In [4] the authors gave a new defini-
tion of factional derivative and fractional integral. The new definition seems
to be a natural extension of the usual derivative called conformable fractional
derivative. This new definition satisfies formulas of derivative of product and
quotient of two functions and has a simpler the chain rule. Abdeljawad [5]

Key words: fractional power series, fractional differential equation, conformable derivative.
(2010) Mathematics Subject Classification: 26A33; 35C10
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proceed on to develop the definitions there and set the basic concepts in this
new simple interesting conformable fractional calculus. He provided left and
right conformable fractional derivatives, fractional integrals of higher orders
concepts. Moreover, he presented the fractional chain rule, the fractional in-
tegration by parts formulas, Gronwall inequality, the fractional power series
expansion and the fractional Laplace transform definition.

Recently, many researchers got interested in looking at FDEs as new model
equations for many engineering problems. However, many of these such FDEs
do not possess exact solutions. So it is required to obtain an efficient approx-
imate solution. Some works in this field are with regard to the power series
solutions around an ordinary point and a regular-singular point homogeneous
sequential linear conformable fractional differential equations of order 2« in
the case of variable coefficients [6,7]. Several fractional power series expansions
have been presented in the literature [8-11]. However, they all lack sufficient in-
teger exponents. Jaradat [12] provided a more integrated representation of the
fractional power series with a related convergence theorem, called a generalized
fractional power series (GFPS) in the Caputo sense.

In this work, we adopt the conformable fractional derivative with GFPS
and apply it to solve FDEs. The paper is organized as follows. In Section
2 we introduce some necessary definitions and mathematical preliminaries of
conformable fractional calculus. In Section 3 the GFPS in conformable type is
presented. In Section 4 we present some numerical results, which demonstrate
the accuracy of the proposed method. Also, a conclusion is given in Section 5.

2 Preliminaries

In this section, we present some definitions of the conformable fractional deriva-
tive and GFPS.

Definition 1. [4] Given a function f : [0,00) — R, where the conformable
fractional derivative of f order « is defined by
t+et!™) — f(t
T*[f(t)] = lim Jt+et™) f(), vVt >0, a € (0,1]. (2.1)

e—0 e

If f is a-differentiable in the interval (0,a), a > 0, and lim,_,+ f(®)(t)
exists, the define f(*)(0) = lim,_,o+ f(®)(t).

Theorem 2.1. [4] Let o € (0,1] and f,g be a-differentiable at a point t > 0.
Then

1. T%laf + bg] = aT“[f] + bT[g], for alla,beR.
2. T[tP] = ptP~%,  for allp € R.

3. T\ =0, for all constant functions .
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4. T[fgl = fT[g] + gT°[f].
5. T°(f/g] = (gT[f] - fT[g]) /9%, g #0.
6. In addition, if f is differentiable, then

Definition 2. [12] A generalized fractional power series (GFPS) centered at
to = 0 is an infinite series of the form

oo
D et ™™ = oo+ cont! + cr0t” + coat® + et ept®* + -+, (22)
i+7=0

where 4, j € N, ¢ > 0 is a variable of indeterminate and c;;’s are the coefficients
of the series.

Moreover, the GFPS is naturally obtained as a Cauchy product of two power
series, as follows,

o (o) o0
> ettt = (Z aitm> > bt | (2.3)
i=0 =0

i+5=0
where ¢;; = a;b;.

Proposition 2.2. [12] If Y72 ayt™® converges for some t = a > 0, then it
converges absolutely for t € (0,a).

Corollary 2.3. [12] If Y7, bpt* converges for some t = b > 0, then it con-
verges absolutely for t € (0,b).

Theorem 2.4. [12] Consider the two power series A =Y p-, axt®™ and B =
Yo bit? such that A converges absolutely to a fort =t, > 0 and B converges
tob fort=t, > 0. Then, the Cauchy product of A and B converges to ab for
t=t.>0 where t, = min {tq,tp} .

3 Main Results

In this section, we introduce a GFPS in the conformable fractional derivative
sense. A direct computation yields T*[t?] = ptP~*, ¥p € R. Thus, by term-by-
term differentiation within the interval of convergence of t > 0,

[ee]
y(t) = Y et ™™,

i+5=0
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then
o0 4 0o -
o) = 3 (i)t + 3t
i=1 =1
+ [+ Da+ g+ e gt (3.1)
i+j=0
and
= .
T2[y(b)] = Y (i) (i — Dewgat =D
=2
+Y (NG = a)eo T2+ ()G + a@)er it

J J=1

=1

0 . .
+ ) (G +2a+i+ D+ Da+j+ Deigajt™H i+, (3.2)
i+j=0

where T2% = ToT?,

4 Numerical Results
In this section, we have dealt with three FDEs to exhibit the usefulness of
GFPS expansion.

Example 4.1. Consider the conformable fractional initial value problem:

Ty(t)] = Ay(t), y(0) =yo, t>0, (4.1)
where 0 < a < 1.

In the previous discussion and using the initial condition, the proposed
generalized fractional power series solution to equation (4.1) has the form

y(t) =yo+ Y it (4.2)
iti=1

By substituting equations (4.2) and (3.1) into (4.1) and equating the coefficient
of like powers of ¢ from both sides, the following recursive formula is obtained

er
Ci+1j=# fOI"Z—F.]Zl
7+ Da+ ]

This implies

Ny . )
=——, fori>0 and ¢; =0, otherwise.

¢ :
0T iy
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Therefore, the exact solution of equation (4.1) is given by

= )‘iyo ia A%/
) = 30 20 = e,

i=0
Particularly, with o = 1, it can be obtained that the exact solution for the
classical version of (4.1) is

y(t) = yoe™.

The comparison of the exact solution and the approximate solution for different
values of 0 < a <1 is shown in Figure 1 by using yg = 1 and A = 1.

Figure 1: The approximate solution of Example 4.1 for some 0 < a < 1.

Example 4.2. Consider the following fractional initial value problem:
Tly(1)] = Ay(t) = 2%, y(0) = yo, (4.3)
where 0 < <1 and ¢t > 0.

Substituting equations (2.2) and (3.1) into (4.3), the coefficients c;;,
i+ j > 0, are determined by equating coefficients of like powers of ¢ through
determining a formal recurrence relation, we obtained

)\i
2(a+2)2a+2)Ba+2) - (ia + 2)

A ) .
Cio = i'—g?, fori >0 and ¢;; =0, otherwise.

Cio = fOI‘ 7 2 07

Then, the exact solution of equation (4.3) is

)\ 1 o0 o0
y(t) =yo+ ot + St + D et T4 et
=1 =2
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70

y(t)

Figure 2: The approximate solution of Example 4.2 for some 0 < a < 1.

In particular when o = 1, the exact solution for the classical version of equation
(4.3) is given by

1 V! t
t) = — -
y(t) <yo+)\2>e 2
Figure 2 shows graphically the comparison between the exact solution and the
approximate solutions for various values of a with yg =1 and A = 1.

Example 4.3. Consider the following fractional differential equation:

T?[y(t)] — 2Ty ()] + y(t) = (2 — a)t> 2%, 0<a <1, t>0. (4.4)
By substituting equations (2.2), (3.1) and (3.2) into (4.4) and equating the
coefficients of like powers of ¢ from both sides, we have

i()éclo — (’L — 1)800

o = ot ’
B 2+ 1
2T ol + 220+ 2Ba+ 2] - [(2)a + 2)]
i+1
C2i+1,2 =

[a+2][2a + 2][3a+ 2] -+ - [(20 + 1) + 2)]

for 7 > 0, and ¢;; = 0 otherwise. Substituting the resulting coefficients back
into the equation (4.4) gives the following exact solution

=\ iac (i—1ec
10 — (2 — 1)coo
y(t) = coo + Z “
i=1

, t
atql
> 2i+1
+D 5

220+ 2)2a + ABa+ 2] [2i)a + 2 e

> i+ 1
+;[a+2][2a+2][3a+2]...[(2¢+1)a+2]

(2i41)a+2
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Particularly, when o = 1, the exact solution for the classical version of equation
(4.4) can be obtained as

y(t) = (010 — Coo + 1)t€t + (COQ — 1)€t + 1.

Figure 3 illustrates the approximate solutions for various values of 0 < a < 1
with ¢gg = 2 and ¢g1 = 8.

120

100 a=1 PP TaaRe
-=-0=0.75 et
80 - B
a=05 -
~—~ —’——
= w0 ---0=025 PPt i
=

Figure 3: The approximate solution of Example 4.3 for some 0 < o < 1.

5 Conclusions

In this paper, the GFPS in the conformable fractional derivative was success-
fully used to find the exact solution of fractional differential equations. The
results reveal that the exact solutions are obtained in the form of a rapidly
convergent series with easily computable component. The proposed method
could be used to study identical applications and it can be expanded to solve
integral equations in mathematical and physical sciences.
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