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Abstract

Project Title Approximation of the Arithmetic Mean of the r —-Roots of the First n Positive

Integers

Investigators: Somkid Intep and Boonyong Sriponpeaw

We compare the floor of mean of I -root of integers with approximated sequence in

the defined intervals.
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1. Main Theorem
In this paper. we present a similar theorem in case of cube roots as follows:

Tueorem 1.1, For any positive integer n,

Ly %
=

The 1dea of our proof is to divide » into 9 cases of numbers modulo 9 and to prove

)2

l + 301 1
that 1n each case, both — Z ":I"E and (— + —) Vn + | — — have the same floor.
n 4  dn dn

For our convenience, for x = 1, we define

3 1Y) |
A{.r]:(z+4—x] UI+[—E

Lix) = (E + l) Y+ 1- i
4 dx 36

From Wihler's equation, we obtain that

l o 3 1 1 4
R AR
n & 4 4n

5
where 272 —p 2P < 8,5 < 3 —n2P_ Notice that forn > 2,0 < &y,,3 < 2.
This implies that

1 an
Aln) > -Z Vk > Lin) forn>2.
n
k=1
In order to prove the main theorem, we need the following lemmas.

1w ,
Levma 1.2, §, = = E Vi isan increasing sequence.
n
k=1

Proor. We can easily see that the inequality 8, = 54 1s equivalent to Z Vk <nVn+ 1.
k=1

We prove the latter using mathematical induction. Forn = 1, VI 2 142 implies the
basis step. To show inductive step. we assume Z Vi = n¥fn + 1. We then have

k=1
n+l n
Z{f— =Z{I’E+ Vi+l < n+1)Vn+2.
k=1 k=1

Hence |8} is an increasing sequence. m]



For k € H U {0}, we define the set B for j = 1.2 as follows:

_ 3 _ &1
64(9%k + 1) 3'?1f>4{9k+2} 53 AN if k=012,
27 27 |
By =4
_ 3_gn
649k + 1) 3?1M{9k+2} 80 AN if k33,
27 27 |
64(9%k + 277 — 26 64(9% + 3)° — 54 )
> . 57 _nN if k=0,1,2,
Bayp =4
64(9% + 29 — 53 64(9% + 3)° — 54 )
5 . > _nN if k=3,

and for j=3.4,....9, define B as

B lmwkﬂﬁ—bj 649k + j+ 1) — by —27
k= ~ '
2

7 27
where
27 il j=0(mod 3),
bi=4{ 225-1) if j20(mod3)and j=2',
JI5+(=1)0) if jisprimeand j=i(mod3), 0 <i<3,
and by = 37.

In the following lemma, we partition M into classes B, in order to divide the proof
of main theorem into 9 cases.
w9
Lemma 1.3, We have M = U U Biy where By N By = Wand Boy N Bygyy =0
=0 =1
Consequently, |Bj3 | 1 < j <9,k = 0} forms a partition of F.

. 64(9(0) + 1) — 37 . . .
Proor. Notice that 57 = 1 is the minimum of By and it is easy o
check that all boundary points of B & are integers. It is obvious from definition of B,
that max Bz + 1 = min Bjsy4 for 1 < j < 8 and max Bog + 1 = min By 4.,. Hence

{83} partitions M. O

Femank 1.4, Due to derivatives, A{x) and L(x) are increasing functions.

For any n € By o prove that §, and A(n) are in the same interval [9%+ j. 9%+ j+1).
we use the fact that Lin) < 8, < A{n) and both L{n) and A(n) are increasing sequences.
Consequently, for ny = min B ; and n; = max B, itis sufficient to show that
Ling) = 9%+ jand Ain:) < 9% + j+ | by considering the sign of coefficients of certain
Taylor expansions. In case n € By . however. this technmique of using Taylor expansion
is not applicable in some numbers k. For these basic numbers &, we apply simple and
direct calculation instead.



Proor oF THeorem 1.1, Letn e N.
Case l: ne By
Casel.1: k=0

3
641y -3 S 64(2)° — 53

We consider 1 =
27 27

= 17. Since §, and A(n) are

increasing sequences,
1=5,<5,<817= 19880

and
1.0099 =~ A(1) < A(n) < A(17) = 1.9894.

Hence S, ] =|A(n))=1forl <n < 17.

Case1.2: k>1
Letn = 64(9———25-———;)3-37 We will show that L(n;) > 9k + 1. After we substitute
ny into the following expression and expand its Taylor series about 1, we have
(36m, (9% + 1) + 11)* — (n, + 1)(27n, + 9)
= — 140912433282709 — 1163293726126932(k — 1) — 4266503508623472(k — 1)
— 9124406608540608(k — 1)° — 12539857656248064(k — 1)*
— 11485195678476288(k — 1)° — 7010519795527680(k — 1)
— 2750059732008960(k — 1)” — 629107509362688(k — 1)*
- 63945157902336(k — 1)° < 0.

Then we obtain the following inequality 36n,(9% + 1) + 11 < ¥y + 1(27n; + 9). By

simple calculation, we obtain 9%k + 1 < {n; + 1 3 - L - L = L(ny).
4 4dn 36m;
3
O+ 2) =93 ik w5
27
Letn; =
. 8% 3
64(9k +2)° — 80 if k>3,

We will prove that A(ns) < 9k + 2. For k = 1,2, we have

26036934837 i
72986823793 i

- n
o~
nu

o

(Ama9k +2)+ 1P —(m+ DB + 1)’ = {
Hence (4m3(9k +2) + 1) = (m2 + D(3na + 1)* > 0.
Fork=3,4.5,.... we have
@m(Ok +2) + 1)) = (m + DBm + 1)
=134154289152k° + 279918084096k° + 259135635456k7 + 138919919616k°
+47252865024k° + 10507311360k* + 1516397696k
+ 135961344k + 6837440k + 146656 > 0.



This implies that

1 1
Ok +2> \/’nz+l(2 - — = A(m).

4 * E 4ny
Since A(n) and L(n) are increasing, for ny < n < ns, we have
9%+ 1 <Lin)<S, <A(n) <9%+2.
Hence |S,)=1A(n)]=9% + 1fork > 1.

Case2: ne€ By
64(9% +2)* - 26
2—7.1(-0.1.2.
Letny =
3—
64(9k + 2) 53,k23.

Fork=0,1,2, we gain27
(36m (9% +2) + 11)* = (ny + )27y +9)°
= — 105321436545024k” — 200298803429376k" — 168848652238848k"
— 82685802627072k" — 25886537404416k° — 5366022080256k

— 735591839616k — 64231766208k> — 3238636392k
— 71778682 < 0.

For k = 3, using the Taylor series expansion about 3, we obtain
(36m (9% +2) + 11)* = (ny + 1)(27ny +9)°
= - 20723370376131937 — 95110224549962868(k — 3) — 164307456860697648(k — 3)°

— 152480690365127616(k — 3)° — 86582810797661952(k — 3)*
— 31713445228234752(k — 3)° — 7563596651458560(k — 3)°
— 1139310460403712(k — 3)" — 98738846760960(k — 3)*
- 3761479876608(k — 3)° < 0.

In similar process to Case 1, we have 9%k + 2 < L(n)).

3
Let ny = M We claim that A(ny) < 9k + 3. After substituting n»

into the following expression, we have
@9k +3)+ 1) = (ma + DBm + 1)°
= — 80244904034304k"" — 285315214344192k" — 460995415769088k°
— 446505462595584k* — 287877045288960k” — 129650051727360k°
— 41596420313088K" — 9502311626496k* — 15139382181124°
— 160144814016k> — 10118551896k — 289206316 < 0.



Deriving the inequality in the same way, we get A(na) < 9k + 3.
Thus, for ny = n = na2, we obtain that

Ok +2=Lin) =58, < Aln) =9+ 3.
Hence |5, | = |A(n)] = 9k + 2.

Case 3: ne By

69k + 3y - 27
Letng = % By direct calculation, we have

(36m (9% + 3) + 11)° = (n, + 1270, +9)°
= — 1015599566684 164" — 294335800344576k% — 37865564091 187247
— 283684804374528k" — 136343850006528k° — 435778907420164*

— 9250059419712k — 1260645061680k — 99771741900k
— 3496110625 < 0.

Consequently, we gain 9k + 3 < Lim).

Let s = M In the same process, we obtain A(na) < 9% + 4 and

27
conclude that |5, ] = |A(n)] = 9% + 3.

For the remaining cases, we use arguments similar to those in case 3 1o show that

5] =Am]| =9+ j forj=4,...,9
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