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Abstract:

This research aims to solve the DAE problems in its original form in which both the
differential and algebraic equations remain. The Newton or Newton-Broyden technique
together with some integrator such as the Runge-Kutta method are coupled to solve the
problems. Some experiments show that the method developed here is efficient, in the sense
that it can give the approximate solution within some desired accuracy and some reasonable

time.
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y'(t) = f(x(0), y(©), t) (7a)
g(x(1), y(»),t) = 0 (7b)

wazmuaiden luausudy
¥(to) = yo (7¢)

A o A A 9 A Y =3 o Y c!yd A A Y A o Y
Wenmuateu lusuduiaeandeaned i liaumstiinamas Aeliflandy x(t) uay y(®) amld
I a @ 1 an 1 [
aums (7a), (7b) wag (7c) \Wuase Gl,ui]qgmmﬂan 1I1ENYAI AUNT (Tb) agqlmmu”lwmz%'q
@ a @ o a 1
MIEaIaRey x(t) lugﬂsum y(t) 1@Fauda ‘i‘]iym113ﬂa1amﬁluaumiwmuwuﬁuﬁ’%sa Taidlu
= a a @ I 1
aumswmﬂmmmauwuﬁaﬂmﬂﬂ
b-a

v o o & v & . . o v v
ﬂ'lﬁllﬂfﬂfgﬁ'] NIZNIAIU LU N [a, b] Lﬂu n FIWYDYNI ] DU UAASHINYDYNIN h = ——
n

WA tg=a, =ty +h, i=1,2,...,n.
fvuald F(x(t.1)) = gx(t), y(t), 0, i=1,2,....n
15 ¥(t) = u(x(ti-1) Tagrueaums (7a)
v o &
aaiuaunsaztlu
F(x(ti-1) = 0

v Y
Tugausmsmsuaves yity) sagldmilioma xty) Taeldaums (7b) so'llundazaisdon

Y 4 ' ya. Y : v '
[t;-1, ] t319zunilayn (7a) ATRITALH y(t) Taali7559a-andudy 4 FazADINIA

F; = hf(x(tj-1), y(ti-1), ti-1)
F, = hf(xq, y(t.)+F,/2), ti.1+h/2)
F; = hf(xy, y(tji-1)+ Fo/2, tj-1th/2)

F4 = hf(x3, y(tji-1)+F3, t;i-1h)
¥ 1
oz 14 ¥t§) = < (F+2F; +2F3+Fy)
' ] v Y ' v 9 1
MUDI X[, Xy 182 x3 FazARIIFIUMIMAT Fy, Fy ez F, 151m 1dnnaums @b) Taeldmn y(,
DHE 2 T By, vt )HF,2 Tu By wag vt )+F; Tu Fy dieldan y() udanamnsama x© 1énn

' o Yo a v o ;
aums (7b) wuwReanu andndutiumslusadeld sunsgnsdwaegaie  azldwamasa
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y'(t) = f(x(1), y(t), t) (82)
g(y(®,t) = 0 (8b)

wazmuaiden luausudy
y(ty) = ¥o (8c)

o ' ' P v o 4 ' y - o
Funa aums (8b) Juiinel x® sy azldaums 8b) e x(@) 1ld Tunsaisl 151asand

mlsdanardudlunsua Fusiez e liaeandestuauns (8b)

T < ' 1 1 o 1 ' ' ) b—a
HUNBN [a, b] 15U n ¥reg08IM S AU UANTTINYDYININ = —— | DY
n

tp=a, t;j=ti.1+h, i=1,2,...,n
fvuald F(x(t-1), y(t.1) = gy(t), 1), i=1,2,....n.
1o y(t) = u(x(ti-]) Tagruauns (8a)

9
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1<l
garuaumsazilu
F(x(tj-1), u(x(tj-1) = 0
Tuupazsages [t_1, t] WaNITIUAT y(t._;) 151AMAMIAIV x(t:_;) udwdilar (7a) sienian
i-1- 4 MAUS i-1 S
1 K4
y(t) Tagld35599-namoud 4 H39zA0r1m1 Fy, Fy, Fy 118z Fy 439190 ualudiiis I (. )
Aumasilunn 9 F; udamswaeudeuly 8b)  Iuduneuislunlasuawes x.) elw
o Y o Yasa o A vy v Yy & A
Haansdoandeanuaums (8b) IaeldFiidu-usesau 1o lam x(t;.1) MUABINITUAT NILTLADU
° [} ] o J I J ] o
TinTugsdesdalyd Taoldan x(t, ) Wummamives xt) Tugaedaly
dl Y a 4 13 a 12 dy
nnildesuneld imdutiumsdail
sy (7a, b, o):
Aviuailaddu F: F(x(ti) = g(t;, x(ti.), y(t-),i=1,2, ..., n.
Hapmnaowuilu 3)
F(x(t.1) = 0
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P1: 359091301 (Newton Method)
o J A Y
fMriuan ¢ 1o ldnsrvaey
HrUAMINIAAT Z
A: A1UIUA1 F(z)
4 o ' { o
ATE0 |[F(2)] < &, (ilp & Wusuuiianiosiisivuald)
v A Y v
#1939 1ln B Quauaeuil) d11uase ivueell
AUIUAT F'(z)
uAauMs F'(z)b = —Fz)ien1A1 b
15um z=z+b
v
udq iy A
B: 3UMINIZM
Algorithm A:
o a o L Ay
JuaToums: (1) SuuaasudY ytg) = yo

) ¥ x(to) Taemsudaums laeld P1: Mvuan x(ty) =z
Sundn: - 1,2,....n; Sudumstuse il
it 1. uﬁ'i’laumwhﬁu@fu (7a) 1 Aty o y(t) Taosuidumsde il
(1) MuImAL: F1 = hf(t, xt_1), y(t-1))
y1 = (1) + F12, ufaums gt +h/2, x1, yp) = 0 mian x; (Tag 14 p1)
() Muawa: F2 = hf(t+h/2, xq, y1)
v2 = ¥(ti-) + F2/2, Solve g(t+h/2, x5, y2) = 0 171 x5 (1agld P1).
(3) MuIUAL: F3 = hf(t+h/2, xo, y2)
y3 =y(tj-1) + F3/2, Solve g(t+h, x3,y3) =0 111 X3 (Iﬂ&lﬂlﬁlﬂf} P1).
(4) MuIUA: F4= hf(t+h, x3, y3)
%) y(t) = y(t_) + (F1 + 2(F2 + F3) + F4)/6
it 2. udtlym (7b) sitema x() Taeld P1: Svuan x(t) = 2

udaduiums luageae 1) (Next i)



ﬂmum (8a, b, ¢):
Amuailandu F: Fx(ti)), y(ti-)) = gt;, y(t)),i=1,2,...,n.
Hayvnaneuuilu 3)

F(x(tj-1), y(tj-1)) = 0

= Y ¥ an Y
“lNE‘ﬁll15fJLLﬂ"lﬂIﬂﬂ’J‘ﬁﬂlENu’mu-‘UiE]ﬂmu

P2: 35391-AAA 1 i
MAUUAAT i1, x(tj), y(ti-1) Hag b.
MuIUAL: Fl = h (L, x(4-1), y(ti-1))
y1 =y(tj-1) + F1/2 uag xg =x(tj-1) + b/2,
MuIUAL: F2 = hf(t+h/2, x1, y1)
yo =y(tj-1) + F2/2 e xo = x(tj-1) + b/2,
MUIUAL: F3 = h f(t+h/2, x5, y9)
y3=y(tj-]) + F3/2uag x3=x(tj-1) +b,
MUIUAL: F4= h f(t+h, x3, y3)
U1 y(t)=y(t,) + (F1 +2(F2 + F3) + F4)/6
Algorithm B:
Fuioums:
(1) fvuamIsuaY vt = vo
(2) M x(tg) =z
(3) MAMMIg Dy (01931 1)

4) MAAIA1 b
v Y v
(5) udilaymansudu (8a) 1 Ju tien1a y(t) Taals P2

(6) MM F(x(t-1), ¥(t-1) = g, y(t)

A ) Fa v

Tunan: Woi=1,2,...,n; audumstuas 1

o A 4 3 o ' Ao

Jui 1. asveey (g, ()| <&, (o & Wuswandawiosnsimuall)

v A Y F4 v
81959 1t lunaaae 1) (next i) Guiumeauil) $1'liasa vdun 2
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Fuii 2. (1) Smuam u = y()

@) SuammIng A = Fy(x(ti.), y(t)) + Fy(x(ti.), y(t)D
(3) udaums Ab = —g(t;, y(t}) e b

(4) Mruam x(t.]) =x(tj_]) + b

(5) unilayn (8a) 1 u (a4 p2) rilevian y(t)

(6) Ama g, y(t)

7 Y5uM D = D+ ——(y(t) —u—Db)bT
bTh

k4 '
o A

®) T 1.

Y
IUADUIT

2.2 MINAasg
9)3 an @ [l @ [l o [l IS Jd v A
NARRINI IFTUADUIT 1A8d10819 3 #2081 maﬂmﬁmﬂu‘?]tymgamwumaiﬂ A¥U 1

Tasiiszuuaumagsoyius uazaumsisasiailunon lidadu daft
X"(t) = —Gt+ Dy(H) - x(O@zt) +1) ,0<t<1
' YO = 4cos(z(t) - y(O(E2(H) + 1)
fideulusudu x(0) =0, y(0) =0,
x'(0)=1,y'(0)=2
AuMINTADA
) 4 x(t) cos(z(t)) + t y2(t) = 4(z(t) — 2)
Yymiilinamaouiunsiio
2t =t(t+1)
x(t) =t cos (z(t)),
, y(t) = sin(z(t)). ' '
Tagldiuneuis A ldwamasFeduaving Janaianaeutios daaasluase 1. (e xs, ys uag

S ' o 1
zs WummuInnnHamagLuas )

o 1 qs: as U d'
MIN 1. HANTAIUIUAT X(1), y(t) 1o z(t) NNVUABUIT A LLazAIAAIANADY

i t X y z X — XS y—ys Z—178

0 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.0000000
5 0.083333 | 0.082994 | 0.180310 | 0.090278 | 0.000000 | 0.000000 | 0.0000000
10 0.1666667 | 0.1635259 | 0.3864430 | 0.1944444 | -0.000000 | 0.0000000 | -0.0000000
15 0.2500000 | 0.2378920 | 0.6148770 | 0.3125000 | -0.000000 | 0.0000000 | -0.0000000
20 0.3333333 | 0.3009499 | 0.8599127 | 0.4444444 | -0.000000 | 0.0000000 | -0.0000000
25 0.4166667 | 0.3461609 | 1.1131836 | 0.5902778 | -0.000000 | 0.0000000 | -0.0000000
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30 0.5000000 | 0.3658444 | 1.3632775 | 0.7500000 | -0.000000 | 0.0000000 | -0.0000000
35 0.5833333 | 0.3517169 | 1.5955682 | 0.9236111 | -0.000000 | 0.0000000 | -0.0000000
40 0.6666667 | 0.2957773 | 1.7923844 | 1.1111111 | -0.000000 | 0.0000000 | -0.0000000
45 0.7500000 | 0.1915753 | 1.9336531 | 1.3125000 | -0.000000 | 0.0000000 | 0.0000000
50 0.8333333 | 0.0358377 | 1.9981497 | 1.5277778 | 0.0000000 | 0.0000000 | 0.0000000
55 0.9166667 | -0.169652 | 1.9654489 | 1.7569445 | 0.0000001 | 0.0000001 | 0.0000001

60 1.0000000 | -0.416147 | 1.8185950 | 2.0000002 | 0.0000002 | 0.0000003 | 0.0000002

! < ! & 2 o !
Hymdenaeuiluilyminumiuiiesnss Aeilynunugdy (The pendulum problem) A

uaasluszuunnann xy it
X"(t) = -MOX(E) ,t>0
y'(®) = MOy - g ©
x(®+y(®* = L?

o g=9.8 ﬂtymﬁyyﬂuﬂﬂgm DAE fadauds dail 2 Tumsudilym isseym L= 1 uag

SuaA IS uAY x(0) = 1, y(0) =0, X'(0) = 0 uaz y'(0) = 0 Tasmamlasdnils y; =x,y, =X, y3

a o
=yandys=y' % laszunaumsseoyius

yi' =2 h
y2' = Ay
¥3' = ¥4
¥4 = -hy3—g \
o luiSudu: y1(0)=1 (10a)
y2(0) =0
y3(0) =0
y4(0) =0 /
quMsnsaaa: yi2+y32—1=0. (10b)

dusiimiuali x = sin 6 1ag y = -cos 0 unuasluaums ) 331 nd vzifluilama
Fuduiiaumsiseyius sy
0"(t) = - gsin(6(t)), t>0 jf (11)

0(0) = 7.

v o ¢ o v
910 (10b) ﬂ’]ﬁ’]ﬂ’]ﬂuwuﬁﬁﬂ\iﬂiq ﬂgmlﬂﬁuﬂ'lﬁ

MO = y22(0) + y450) - g 20 (12)
szuvaums (10a) taz (12) wiluszuaumaFaoyiusing maznilsddu act) Wou'laluglues

Yo(t) 1ag y(t) nuudauda
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4 v
Tunmsnaaesil 5dilym (9a) uaz 9b) Taoldiuaeuds B ldnamanddnavawansluy
o 1 @ I~ 4
1319 2 mmaamﬁ’ﬂfym (11) wag fayn(10a) uaz (12) ﬂimgm'lﬁwamﬁauﬂu sazs lilun
) o M A ' ' I A
nlfoufeudunadninnduaouds B lumsia 2 mxs, ys uaz As innnilaym (11) a1 a(t) duai

ANINANFI t + h/2

a

Y 1
M519 2. HAMIAIUIUAT X(1), y(t) 1Az A(t) 1InTUADUIT B uazAinaIanaou

i t X y MH) X — XS y—ys A—As
0 0.000000 1.000000 | 0.000000 | 0.0066694 0.000000 0.000000 -0.01334
5 0.083333 | 0.999421 | -0.034020 | 1.2067764 0.000000 0.000000 -0.01327
10 0.166667 | 0.990763 | -0.135608 | 4.3889120 0.000000 0.000000 -0.01245
15 0.250000 0.953758 | -0.300577 | 9.4089741 -0.000000 -0.000000 -0.00924
20 0.333333 0.858149 | -0.513401 15.762372 -0.000000 -0.000000 -0.001840
25 0.416667 0.674223 | -0.738528 | 22.336944 0.000000 0.000000 0.009746
30 0.500000 | 0.392046 | -0.919946 | 27.443990 0.000000 0.000000 0.021502
35 0.583333 | 0.039516 | -0.999219 | 29.406564 0.000001 0.000000 0.026667
40 0.666667 | -0.320679 | -0.947188 | 27.497515 0.000001 -0.000000 0.021650
45 0.750000 | -0.621722 | -0.783238 | 22.424766 | -0.000001 0.000001 0.009949
50 0.833333 | -0.826959 | -0.562262 | 15.858262 0.000001 -0.000000 | -0.001681
55 0.916667 | -0.939329 | -0.343017 | 9.4922857 0.000000 -0.000000 | -0.009152
60 1.0000000 | -0.986140 | -0.165918 | 4.4483962 0.000000 -0.000000 | -0.012414

{ I~ ¢ o a o o a
Yymaefamduilynuenauesnawil 2 TasliszuuaumsFeyiusuazaumsisadiaiy

Ea
wou Tumady @il

X"() = x()@z(t)— 1) +2(1=30y(t) ,0<t<]1
. . y"(t) = 2 sin(z(t)) + y(t)(4z(t) - 1)
Roulusudu:
x(0)=0,y(0)=1,
x(0)=0,y'(0) =0
FumMInyaaa:

x2(t) + 2y3(t) = 2 )
dunanluilym lifidwnls z(t) luaumsiisada Jomiiinamasniuaseio
2(t) = t(1 —1)
x(t) = t sin(z(t)),
y(t) = cos(z(t)).

Fa v ¥
Tae1¥iuneuds B udilymil 1dwad Aemamamasutios dauaas1ilumsie 3 amve z(t)

]
1A

AMNYANINAIIYIA t + h/2

a
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9 1
M99 3. WAMIMUIUAT X(t), y(t) 1oz z(t) 1NTuAoUIT B tazAInaAna oY

i t X y z X — XS y—ys Z— 78S

0 0.0000000 | 0.0000000 | 1.0000000 .0055058 0.0000000 0.0000000 | -0.0027581

5 0.0833333 | 0.0063659 | 0.9970838 | 0.0860924 0.0000000 | -0.0000000 | 0.0028285

10 0.1666667 | 0.0230738 | 0.9903704 | 0.1416003 0.0000000 | -0.0000000 | -0.0027746

15 0.2500000 | 0.0466008 | 0.9824733 | 0.1944127 0.0000000 | -0.0000000 | 0.0028155

20 0.3333333 | 0.0734659 | 0.9754101 | 0.2221708 0.0000000 | -0.0000000 | -0.0027597

25 0.4166667 | 0.1002790 | 0.9706071 | 0.2471710 0.0000000 | -0.0000000 | 0.0027960

30 0.5000000 | 0.1237020 | 0.9689124 | 0.2471938 0.0000000 | -0.0000000 | -0.0027367

35 0.5833333 | 0.1403905 | 0.9706071 | 0.2443677 0.0000000 | -0.0000000 | 0.0027705

40 0.6666667 | 0.1469318 | 0.9754101 | 0.2166649 0.0000000 -0.0000000 | -0.0027101

45 0.7500000 | 0.1398025 | 0.9824733 | 0.1860087 0.0000000 -0.0000000 0.0027448

50 0.8333333 | 0.1153690 | 0.9903704 | 0.1305767 0.0000000 -0.0000000 | -0.0026872

55 0.9166667 | 0.0699551 | 0.9970838 | 0.0721021 0.0000000 | -0.0000000 | 0.0027271

60 1.0000000 | 0.0000001 | 1.0000000 | -0.0110809 | 0.0000000 0.0000000 | -0.0026781
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MANUIN N.

Tsunsuneuiimes (MATHLAB) dmsudlenaluanise

Examplel
dael:
n=60;
h=1/n;
x=0;

XS=X,yS=Y,ZS=Z;ts=t,

solve

7=78;

i=0;

fprintf("%21 %1 1.7t %11.7t %1 1.7t %1 1.7f %11.7f %11.7f %11.7f\n',0,t,X,y,s0,x-xs,y-ys,s0-
z)

for i=1:n

daerung

t=t+h;

XS=X,yS=Y,ZS=Z;ts=t,

solve

7Z=7S,;

xs=t*cos(z);ys=2*sin(z);zs=t*(t+1);

fpl'il’l'[f('0 021 %11.7f%11.7f %11.7f %11.7f %11.7f %11.7f %11 .7f\1’1',i,t,X,y,SO,X-XS,y-ys,SO-Z)
end

solve:
s=cos(zs);
f=4%s*xstts*ys*ys-4*(zs-ts*ts);
while abs(f) >.0000000001
s1=-sin(zs);
fu=[4*s ts*2*ys];
dd=4*s1*xs-4;
b=-1/dd;
zs=7zs+b;
s=cos(zs);
=4*s*xs+ts*ys*ys-4*(zs-ts*ts);
end

daerung:

x0=x;y0=y;u0=u;v0=v;z0=z;
x1=h*u0;y1=h*v0;ul=h*((-1-4*z0)*x0-(3*t+1)*y0);v1=h*(4*cos(z0)-y0*(4*z0+1));
ts=t+h/2;xs=x0+x1/2;ys=y0+y1/2;zs=70;
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solve

z1=zs;
x2=h*(u0+ul/2);y2=h*(v0+v1/2);u2=h*((-1-4*z1)*xs-(3*ts+1)*ys);v2=h*(4*cos(z1)-
ys*(4*z1+1));

ts=t+h/2;xs=x0+x2/2;ys=y0+y2/2;zs=z1;

solve

72=7s;
x3=h*(u0+u2/2);y3=h*(v0+v2/2);u3=h*((-1-4*z2)*xs-(3*ts+1)*ys);v3=h*(4*cos(z2)-
ys*(4*z2+1));

ts=t+h;xs=x0+x3;ys=y0+y3;zs=22;

solve

z3=zs;
x4=h*(u0+u3);y4=h*(v0+v3);ud=h*((-1-4*z3)*xs-(3*ts+1)*ys);v4=h*(4*cos(z3)-
ys*(4*z3+1));

x=x0+(x1+2*(x2+x3)+x4)/6;

y=y0+(y1+2*(y2+y3)+y4)/6;

u=u0+(ul+2*(u2-+u3)+tud)/6;

v=v0+(v1+2*(v2+v3)+v4)/6;

Problem2
dae2
n=60;
h=1/n;
g=9.8;
x=1;

y=0;

u=0;

w1=pi/2;w2=0;
XSTXYSTY,
s0=.2;
z=u*utv*v-g*y;
fprintf("%21 %1 1.7 %1 1.7t %1 1.7t %11.7f %11.7f %11.7f %11.7f\n",0,t,X,y,s0,X-Xs,y-ys, sO-
z)
fori=1:n+1
x0=x;y0=y;u0=u;v0=v;
z1=z;
daerunge2
f=x*x+y*y-1;
while abs(f) >.0000000001
dd=2*[x y]*d;

b=-f/dd;

s0=s0-+b;
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VY=Y XX=X,
daerunge2
f=x*x+y*y-1;
d1=([x-xx;y-yy]-d*b)/b;
d=d+dl;
end
wl1=h*w2;w21=-g*h*sin(w1);
w12=h*(w2+w21/2);w22=-h*g*sin(wl+w11/2);
w13=h*(w2+w22/2);w23=-h*g*sin(wl+w12/2);
w14=h*(w2+w23);w24=-h*g*sin(w1+w13);
wl=wlH(w11+2*¥(w12+w13)+w14)/6;
w2=w2+(w21+2*(w22+w23)+w24)/6;
t=t+h;
xs=sin(w1);ys=-cos(wl);
7Z=w2*w2-g*ys;
zz=(z+z1)/2;
fprintf('%2i %11.7f %11.7t %11.7f %11.7t %11.7f %11.7f %11.7f\n',i,t,X,y,s0,x-Xs,y-ys, sO-
77)
end

daerunge2

x1=h*u0;y1=h*v0;ul=-h*s0*x0;v1=-h*(s0*y0+g);
x2=h*(u0+ul/2);y2=h*(v0+v1/2);u2=-h*(s0*(x0+x1/2));v2=-h*(s0*(y0+y1/2)+g);
x3=h*(u0+u2/2);y3=h*(v0+v2/2);u3=-h*(s0*(x0+x2/2));v3=-h*(s0*(y0+y2/2)+g);
x4=h*(u0+u3);y4=h*(v0+v3);ud=-h*(s0*(x0+x3));v4=-h*(s0*(y0+y3)+g);
x=x0+(x1+2*(x2+x3)+x4)/6;

y=y0+(y1+2*(y2+y3)+y4)/6;

u=u0+(ul+2*(u2-+u3)+ud)/6;

v=v0+(v1+2*(v2+v3)+v4)/6;

Problem3
dae3:
n=60;

XSTXYSTY,

zs=0;

sO=1;

fprintf("%21 %1 1.7 %1 1.7t %1 1.7t %1 1.7f % 11.7f %11.7f %11.7f\n",0,t,X,y,s0,x-Xs,y-ys, sO-
7s)
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fori=1:n+1
x0=x;y0=y;u0=u;v0=v;
th=t+h;
daerunge3
f=x*x+(y*y-1)*th*th;
while abs(f) >.0000000001
dd=2*[x th*th*y]*d;
b=-f/dd;
s0=s0-+b;
YYZYXX=X
daerunge3
f=x*x+(y*y-1)*th*th;
d1=([x-xx;y-yy]-d*b)/b;
d=d+dl;
end
t=t+h;
z=t*(1-t);
xs=t*sin(z);
ys=cos(z);
ts=t-h/2;
zs=ts*(1-ts);
fprintf('%21 %11.7f %11.7f %11.7f %11.7f %11.7f %11.7f %11.7f\n',1,t,x,y,s0,X-Xs,y-ys,s0-
ZS)
end

daerunge3
x1=h*u0;y1=h*v0;ul=h*((4*s0-1)*x0+2*y0*(1-3*t));v1=h*((4*s0-1)*y0+2*sin(s0));
x2=h*(u0+ul/2);y2=h*(v0+v1/2);
u2=h*((4*s0-1)*(x0+x1/2)+2*(y0+y1/2)*(1-3*(t+h/2)));v2=h*((4*s0-
1)*(y0+y1/2)+2*sin(s0));

x3=h*(u0+u2/2);y3=h*(v0+v2/2);
u3=h*((4*s0-1)*(x0+x2/2)+2*(y0+y2/2)*(1-3*(t+h/2)));v3=h*((4*s0-
1)*(y0+y2/2)+2*sin(s0));

x4=h*(u0+u3);y4=h*(v0+v3);
ud=h*((4*s0-1)*(x0+x3)+2*(y0+y3)*(1-3*(t+h)));v4=h*((4*s0-1)*(y0+y3)+2*sin(s0));
x=x0+(x1+2*(x2+x3)+x4)/6;

y=y0+(y1+2*(y2+y3)+y4)/6;

u=u0+(ul+2*(u2+u3)+ud)/6;

v=v0+(v1+2*(v2+v3)tv4)/6;
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Some Numerical Methods for solving
Differential Algebraic Equations

Ampon Dhamacharoen
Department of Mathematics, Faculty of Science, Burapha University
Bangsaen, Chonburi 20131, Thailand
e-mail: ampon@buu.ac.th

Abstract: This research aims to solve the DAE problems in its original form in which both
the differential and algebraic equations remain. The Newton or Newton-Broyden technique
together with some integrator such as the Runge-Kutta method are coupled to solve the
problems. Some experiments show that the method developed here is efficient, in the sense
that it can give the approximate solution within some desired accuracy and some reasonable
time.

Keywords: Differential-Algebraic Equations, Newton-Broyden Method, index-2
Hessenberg DAE.

1. Introduction:
A differential algebraic equation (DAE) is an equation involving an unknown function
and its derivatives. A DAE in its most general form is given by

F(t, X, y(©), y'(©) = 0, t € [a, b] (1)

where F: RxRMxRIxR™ — RM™ x(t) ¢ RM, y(t) € R and y'(t) € R™. In this form the
relation between the variables and derivatives may be implicit. In some systems the equations
may be written in the explicit form of derivatives, as:
y'(t) = (e, x(), y(1) (2a)
g(t, x(v), y(t)) =0. (2b)
where f: RxRMxR™ — R, This set of equations is called a semi-explicit DAE system.

Differential algebraic equations arise in the mathematical modeling of a wide variety
of problems from engineering and science, such as in multi-body and flexible body
mechanics, electrical circuit design, optimal control, incompressible fluids, molecular
dynamics, chemical kinetics, and chemical process control [1, 2, 3, 7, 8].

DAE can be transformed into the ODE problem via differentiation. The number of
differentiations needed in transforming is called the differentiation index. This number can
describe some characteristic of the problem. In general, the higher the index of a DAE, the
more difficulties one can expect for its numerical solution
[1,2,3,6].

Although DAE can be transformed into an explicit ODE so that it can be solved using
the methods of ODE, but still there are many numerical methods for solving DAE. In the
DAE solvers software the numerical approaches for the solution of DAEs can be divided
roughly into two classes: (i) direct discretizations of the given system and (ii) methods which
involve a reformulation (e.g. index reduction), combined with a discretization. Direct
discretizations are easier to used but limited in their utility essentially to index-1, index-2
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Hessenberg, and index -3 Hessenberg DAE systems, while a reformulation may be costly, it
may require more input from the user, and it may involve more user intervention [3, 6].

In this research we will emphasis on constructing an algorithm for solving a semi-
explicit DAE. The approach is first solve the system of algebraic equations and then solve the
differential equations using information just derived. The Newton-Broyden method is the key
roll for solving algebraic equation since it performs almost as well as the Newton method
with the less energy, and out perform the other methods of the same order of convergence [4,
5].

2. The Newton-Broyden Method:

The method, which was first proposed by Dhamacharoen in 2011 [4, 5], aims to solve

the equation of the form:
Fu(x),x) = 0 3)

The Newton scheme of this problem is:
Xit1 = X — [Fu(U(X)), Xpu' (%)) + Fy(U(x)), Xl T FU(x)), Xi), i =0, 1,2, . ..

Replacing u'(X;) by D;, gives

X1 = X — [Fu(U(), X)Dj + Fy(U(xi), xpT T FUOG), Xi), =0, 1,2, ... @)
with updating:

1
Djyy = Dj+ ——(U(Xj+1) — U(x{) — Djbpb;T (5)

where b; = X;;; — X;. This method retains the good part of Newton method, and replaces the
difficult part of Newton's with Broyden's. With good initial guesses for zy and D, the

Newton-Broyden scheme (4) will produce a sequence that converges to a solution of (3), with
g-super linear order of convergence.

Although the order of convergence of the Newton-Broyden method is equal to that of
the Broyden method and less than that of the Newton method, but in practice the Newton-
Broyden perform well in the sense that the good initial guess is easily found and it reaches the
solution in a reasonable number of iterations. As shown in [3] and [4], for the same problem
and using the same initial guess the sequence from the Newton-Broyden method reachs the
solution while that from the Broyden does not, and also the Newton-Broyden method
consumes less amount of work than does by the Newton method.

Note that if the function F is linear, then Broyden's update and Newton-Broyden's
update are coincided.

Constructing the Method:
The initial value problems:

Assume that the DAE is expressed in the form (2a), (2b) (renumbering)
y'(t) = f(t, (1), y(1) (6a)
g(t, x(v), y(t)) =0 (6b)
in which the system of equations is to be solved for X(t) and y(t) where t € [a, b]. In solving
the system numerically, the conditions on the initial values of y must be imposed sufficiently
for the system to have a unique solution. If (6b) can expresses X(t) in term of t and Yy(t)



23

explicitly then the system become the pure ODE. Therefore we consider the case when (6b)
expresses X(t) implicitly.

Let the interval [a, b] be divided into n subintervals {a = t;, t;, . . ., t, = b}. In each
interval [t;_;,t;] we will solve (6a) numerically for y(t;). In an initial value problem the value
Y(to) 1s specified, then the value X(ty;) can be solved from (6b). In order to use the Runge-
Kutta method, in each interval [t;_;, t;] the value X;, X3 and X4 which are needed for computing
F,, F3 and F, respectively, each can be solved from (6b) using the values of y(t;_;)+F /2 in F,,
Y(ti.;)+tF»/2 in F5 and y(t;.;)+F5 in F4. Once the value y(t;) is computed then X(t;) can be
solved from (6b). Then advance to the next interval, and repeat this procedure until we reach

the last subinterval.
Suppose that the term X(t) is missing from the equation (6b), the system becomes:

y'(t) = f(t, x(), y(t)) (7a)
g(t, (1) =0 (7b)
Y(to) = Yo

in which the system is called index-2 Hessenberg. In solving the differential equation (7a) the
variable X(t) are treated to be unknown. In each interval [t;_;, t;] the value of X(t;_1) is given as
a guess, then solve (7a) numerically for y(t;). Check the condition (7b) g(t;, y(t;)) = 0. Update
the value of X(t;_;) and iterate the process until the condition (7b) is met. Then advance to the
next interval using the last value of X(t;.;) as the guessing value for X(t;). Repeat this
procedure until we reach the last subinterval.

In solving the differential equations we may use the 4™ order Runge-Kutta method or
the 4™ order Taylor method, since their local error is O(h’) and the total error is O(h*), which
is acceptable, and it is easy to implement. In solving the algebraic equations associated in the
problem, the Newton method is used in (6b) and the Newton-Broyden method is used in (7b).

As the procedure described above the formulation will be the followings:
Partition the interval [a, b] into n subinterval. h = b-a ,and
n

t0=a,ti=ti_1+h, i=1,2,...,n

Algorithm A: Problem (6a), (6b):
Define the function F: F(X(t.1) = o(t, X(ti.p), Y(&.)),1=1,2, ..., n.
then the problem become as (3)
F(x(ti.1)) = 0
which can be solve using the Newton method.
P1: Newton Method
Prescribe a small positive real number &.
Guess the value z.
A: Compute F(z).
Check if ||F(2)|| < &, (¢ a prescribed small number).
If yes, then go to B. If no, do the next step.
Compute F'(2).
Solve the system F'(z)b = —F(z), for b.
Set z=z+Db.
Goto A.
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B End.
The process for solving this equation will be as follow:

b_a,and

Initial step: (1) Partition the interval [a, b] into n subinterval. h =

tp=a,t;=t;_;+h, 1=1,2,...,n
(2) Set the given initial condition Y(ty) = Yo.
(3) Solve for X(t), using P1: Set X(t() = z.
Fori=1,2,...,n; process the following steps:
Step 1. Solve the initial value problem (6a) 1 step to obtained Y(t;), by the
following steps:
(1) Compute: F1 = hf(t, X(t;.1), Y(t;i.1))
Y1 =VY(t.1) + F1/2, Solve g(t+h/2, Xy, y1) = 0 for Xy. (Using P1).
(2) Compute: F2 = h f(t+h/2, X, Y1)
Yo =VY(t;.1) + F2/2, Solve g(t+h/2, X,, y,) = 0 for X,. (Using P1).
(3) Compute: F3 = h f(t+h/2, X5, y»)
Y3 =Y(t;.1) + F3/2, Solve g(t+h, X3, y3) = 0 for X3. (Using P1).
(4) Compute: F4 = h f(t+h, X3, y3)
(5) y(t) = y(ti.1) + (F1 + 2(F2 + F3) + F4)/6
Step 2. Solve (6b) for X(t;), using P1: Set X(t;) = z.
Then go to the next interval.

Algorithm B: Problem (7a), (7b):
Define the function F: F(X(ti.p), Y(tio1) = 9(t, y(t)),1=1,2,...,n.
then the problem become as (3)
F(x(ti.), y(ti)) = 0
which can be solve using the Newton-Broyden method.

P2: One Step Runge-Kutta Method
Given the value t;_j, X(t;.1), Y(t;.;) and b.

Compute: F1 = h f(t, X(t.1), Y(t;-1))

Y1 = y(ti—l) + F1/2, X] = X(ti-l) + b/2,
Compute: F2 = h f(t+h/2, Xy, 1)

Y2 =Y(ti1) + F2/2, X = Xx(ti.1) + b/2,
Compute: F3 = h f(t+h/2, X5, y»)

y3 =Y(t.1) + F3/2, X3=X(t.1) + Db,
Compute: F4 = h f(t+h, X3, y3)

Then  y(t) =y(ti.1) + (F1 + 2(F2 + F3) + F4)/6

The process for solving this equation will be as follow:

Initial step: (1) Partition the interval [a, b] into n subinterval. h = b-a , and
n
t0=a,ti=ti_1+h, 1=1,2,...,n

(3) Set the given initial condition Y(ty) = Yo.
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(4) Guess the initial condition X(ty) = z.
(5) Guess the initial matrix D (may be = I), Guess the value b.
(6) Solve the initial value problem (7a) 1 step to obtained Yy(t;), using P2.
(7) Compute the value F(X(ti_1), Y(ti.1)) = 9(t;, Y(t))
Fori=1,2,...,n;process the following steps:
Step 1. Check the condition ||g(t;, Y(t;)|| < € where € is a prescribe small number.
If pass, then process to the next interval (next 1).
If fail, do step 2.
Step 2. (1) Set u=y(t).
(2) Compute the matrix A = Fy(X(ti_1), Y(t;) + Fy(X(t;.1), y(t)))D
(3) Solve Ab = —g(t;, y(t;)) for b,
(4) Set X(ti_l) = X(ti-l) +Db
(5) Solve the initial value problem (7a) 1 step (using P2) to obtained Yy(t;)
(6) Compute the value g(t;, y(t;))

(6) Set D = D+ ——(y(tj) — u— Db)bT
bTh

(7) Gotostep 1.
End.

3. Experiments:

Three examples are used to illustrate the method. The first problem is an index-1
Hessenberg DAE systems with nonlinear differential equations and a nonlinear algebraic
equation, as follows:

x"(t) = -Bt+ Dy(t) —x(t)(dz(t) +1) ,0<t<1
y"(t) = 4 cos(z(t)) — y(t)(4z(t) + 1)
initial conditions,
x(0) =0, y(0) =0,
x'(0)=1,y'(0)=2
algebraic equation
4 x(t) cos(z(t)) + t y2(t) = 4(z(t) — t?)
Using Algorithm A this problem is solved and has a nicely result with small error
compare to the exact solution
z(t)=tt+1)
x(t) =t cos (z(t)),
y(t) = sin(z(t)).

Some results are illustrated in Table 1. (xs, ys and zs are values from the exact solution)

Table 1: Resulted values for x(t), y(t) and z(t) from Algorithm A, and errors.

i t X y V4 X — XS y—Vys Z—7S
0 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000
5 0.083333 | 0.082994 | 0.180310 | 0.090278 | 0.000000 | 0.000000 | 0.000000

10 0.1666667 | 0.1635259 | 0.3864430 | 0.1944444 | -0.000000 | 0.0000000 | -0.000000

15 0.2500000 | 0.2378920 | 0.6148770 | 0.3125000 | -0.000000 | 0.0000000 | -0.000000

20 0.3333333 | 0.3009499 | 0.8599127 | 0.4444444 | -0.000000 | 0.0000000 | -0.000000

25 0.4166667 | 0.3461609 | 1.1131836 | 0.5902778 | -0.000000 | 0.0000000 | -0.000000

30 0.5000000 | 0.3658444 | 1.3632775 | 0.7500000 | -0.000000 | 0.0000000 | -0.000000

35 0.5833333 | 0.3517169 | 1.5955682 | 0.9236111 | -0.000000 | 0.0000000 | -0.000000
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40 0.6666667 | 0.2957773 | 1.7923844 | 1.1111111 | -0.000000 | 0.0000000 | -0.000000
45 0.7500000 | 0.1915753 | 1.9336531 | 1.3125000 | -0.000000 | 0.0000000 | 0.0000000
50 0.8333333 | 0.0358377 | 1.9981497 | 1.5277778 | 0.0000000 | 0.0000000 | 0.0000000
55 0.9166667 | -0.169652 | 1.9654489 | 1.7569445 | 0.0000001 | 0.0000001 | 0.0000001
60 1.0000000 | -0.416147 | 1.8185950 | 2.0000002 | 0.0000002 | 0.0000003 | 0.0000002

The second problem is the classical example of DAE problem "The pendulum
problem", expressed in the xy co-ordinate plane, as follows:

x"(t) = -AMOx(t) ,t=>0

y'(®) = MOy - g

x(t)? +y()* = L?
where g = 9.8. This problem is an index 2 semi-explicit DAE problem. [3, 9]. Processing to
solve the problem numerically, we let L = 1, and impose the initial conditions x(0) = 1, y(0) =
0. Using the new variables, y; = x, y, = X', y3 =y and y4 =y, then we have the system of

(8)

differential algebraic equations:

yi' =2 A
y2' = —hyi
y3' = v4
y4 = —Ay3—g >
initial conditions: y1(0)=1 (9a)
y2(0) = 0
y1(0)=1
y2(0) = 0 J
algebraic equation:
yi2+y2-1=0, (9b)
If we let x = sin 0, y = -cos 0, substitute in the problem (8) and manipulate some
derivatives and algebra, we will have the equivalent initial value problem of ordinary
differential equation:
(10)

0"(t) = - gsin(6(t)), t>0 ir
8(0) = g

From (9b) if we differentiate the equation ylz(t) + y32(t) = 1 twice, we will come up

with the equation:
MO = y22 () + y42(0 - g yo(0). (1)

The system (9a) with (11) become a pure ODE since the function A(t) is expressed in term of
yo(t) and yu(t) explicitly.

In this experiment we solve (9a), (9b) using Algorithm B and give some of the results
in table 2. The system (10) and (9a) with (11) are also solved, and they give the same results
which their values are used to compare to the results from Algorithm B, as shown in Table 2.

The value xs, ys and As are from the problem (10). Note that the value of A(t)'s are at the mid-
points t + h/2.

Table 2: Resulted values for x(t), y(t) and A(t) from Algorithm B, and errors.
1 t X y M) X — XS y—ys
0 0.000000 | 1.000000 | 0.000000 | 0.0066694 0.000000 0.000000

A —AS
-0.01334
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5 0.083333 | 0.999421 | -0.034020 | 1.2067764 | 0.000000 0.000000 -0.01327
10 0.166667 | 0.990763 | -0.135608 | 4.3889120 | 0.000000 0.000000 -0.01245
15 0.250000 | 0.953758 | -0.300577 | 9.4089741 | -0.000000 | -0.000000 -0.00924
20 0.333333 | 0.858149 | -0.513401 | 15.762372 | -0.000000 | -0.000000 | -0.001840
25 0.416667 | 0.674223 | -0.738528 | 22.336944 | 0.000000 0.000000 0.009746
30 0.500000 | 0.392046 | -0.919946 | 27.443990 | 0.000000 0.000000 0.021502
35 0.583333 | 0.039516 | -0.999219 | 29.406564 | 0.000001 0.000000 0.026667
40 0.666667 | -0.320679 | -0.947188 | 27.497515 | 0.000001 -0.000000 | 0.021650
45 0.750000 | -0.621722 | -0.783238 | 22.424766 | -0.000001 0.000001 0.009949
50 0.833333 | -0.826959 | -0.562262 | 15.858262 | 0.000001 -0.000000 | -0.001681
55 0.916667 | -0.939329 | -0.343017 | 9.4922857 | 0.000000 | -0.000000 | -0.009152
60 1.0000000 | -0.986140 | -0.165918 | 4.4483962 | 0.000000 | -0.000000 | -0.012414

The third problem is an index-2 Hessenberg DAE systems with nonlinear differential
equations and a nonlinear algebraic equation, as follows:

algebraic equation.

x"(t) = x(t)(4z(t) - 1)+ 2(1 - 3t)y(t)

,0<

y'(®) = 2 sin(z(t) + y()(4z(t) — 1)

initial conditions,

x(0)=0,y(0) =1,
x(0)=0,y'(0)=0

algebraic equation

x2(t) + t2y2(t) = t2
Note that this problem is similar to the first problem but there is no variable z(t) in the

t<1

Using Algorithm B this problem is solved and has a nice result given in Table 3. The
exact solution is:

2(t) = t(1 — t)

x(t) = t sin(z(t)),
y(t) = cos(z(t)).
Algorithm B gives the results for x(t) and y(t) with small error, but solution for z(t) has some
error less than 0.005. Some results are illustrated in Table 3. Note that the value of z(t)'s are at
the mid-points t + h/2.

Table 3: Resulted values for x(t), y(t) and z(t) from Algorithm A, and errors.

i t X y z X — X8 y—ys Z—78
0 0.0000000 | 0.0000000 | 1.0000000 .0055058 0.0000000 0.0000000 | -0.0027581
5 0.0833333 | 0.0063659 | 0.9970838 | 0.0860924 0.0000000 | -0.0000000 | 0.0028285
10 0.1666667 | 0.0230738 | 0.9903704 | 0.1416003 0.0000000 | -0.0000000 | -0.0027746
15 0.2500000 | 0.0466008 | 0.9824733 | 0.1944127 0.0000000 | -0.0000000 | 0.0028155
20 0.3333333 | 0.0734659 | 0.9754101 | 0.2221708 0.0000000 | -0.0000000 | -0.0027597
25 0.4166667 | 0.1002790 | 0.9706071 | 0.2471710 0.0000000 | -0.0000000 | 0.0027960
30 0.5000000 | 0.1237020 | 0.9689124 | 0.2471938 0.0000000 | -0.0000000 | -0.0027367
35 0.5833333 | 0.1403905 | 0.9706071 | 0.2443677 0.0000000 | -0.0000000 | 0.0027705
40 0.6666667 | 0.1469318 | 0.9754101 | 0.2166649 0.0000000 | -0.0000000 | -0.0027101
45 0.7500000 | 0.1398025 | 0.9824733 | 0.1860087 0.0000000 | -0.0000000 | 0.0027448
50 0.8333333 | 0.1153690 | 0.9903704 | 0.1305767 0.0000000 | -0.0000000 | -0.0026872
55 0.9166667 | 0.0699551 | 0.9970838 | 0.0721021 0.0000000 | -0.0000000 | 0.0027271
60 1.0000000 | 0.0000001 | 1.0000000 | -0.0110809 | 0.0000000 0.0000000 | -0.0026781
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4. Conclusions:

The methods are constructed with the aim to solve DAE systems in their original
forms. Both algorithms use the Runge-Kutta method as the integrator, and couple with a
method to solve the algebraic systems associated in the problem. The Newton method is used
in Algorithm A for the index-1 DAE, while in Algorithm B the Newton-Broyden method is
needed for an index-2 DAE system. The methods can give the approximate solution for the
problem very well with small errors. The experiment also has shown that the DAE of high
index is harder to solve than the DAE of lower index.
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