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Testl

a=0; b=1.1; n=11: h=(b-a)/n; h2=h/2; d=[1 0; 0 1]; y00=log(3)"2; y10=1; c=[y00;y10];

testl 1
f1=y00-log(3)"2: {2=y0-log(4.1)"2; f=f1{2],
disp('k cl c? f1 2 )
fprintf('%21 %12.7f %12.7f %12.7f %12, 7f\n".0.¢". 1)
for k=1:4

b=linsolve(d,-f);

c=b-—c;

y00=c(1); y10=c(2);
test]_1
fi=y00-log(3)"2; f2=y(-log(4.1)"2; £=[f1;f2]:
aa=f/(b™*b); d=d+{aa*b');
fprintf(’62i %12.7f %12.7f %12.7f %12.7f\n" k¢ 1)
end
x=0; ex=log(x+3)"2;
disp('t  y(x) exact err’)
fprintf{"%2i %12.7f %12.7f %12.7f\n",0,y00.ex.ex-v00)
for i=1:m

J=2%1

x=x~h;

ex=log(x+3)"2;
fprintf{"%2i %12.7f %12.7f %12.7fn' Ly(j).ex.ex-y(j))
end
% testl_1
r0=0; y0=y00: y 1=y 10; yul=y00; yul=y10; x=0;
test]_1_1:
y2=gl-yl-e*yul-1*r0;
r1=y0/p; r2=-yQip2-+ylip, r3=2*%y0/p3-2*y l/p2+v2/p;

y3=g2-y2-e*vul/2+e*yul-1*rl;
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yuZ=y2:; yud=y3:
v4=g3-y3-e*yulidre*yul-e*yul-1*r2;
yS=gd-yd-e*yud/B+3I*e*yul2/d-I*e*yul/2+e*yul-1*r3;
rd=-6*y0/pa+6*y 1 /p3-3*y2/p2+y3/p;
fori=tmn
=2%i;
yuO=y0-h2*(y i +h2*(y2+h2*(y3+h2*y4/4);3)/2);
yul=y1-h2*{(y2+h2*(y3+h2*(y4+h2*y5/4)/3)/2);
yO=v0+h*(y 1+h*(y2+h*(y3+h*y4/4)/3)/2);
yl=yI-h*(y2-h*(y3~h*(yd4+h*y5/4)3)/2);
rO=r0-h*(r1-b*{(r2+h*(r3+h*r4/4)/3)/2);
y(j-D=yu0: y(j)=y0: y11()=yl; y11(j-1)=yul:
x=xth:
testl 1 1;
y2a=y2;
y2=gl-yl-e*y(i)-10: yu2(j-1)=(y2aty2)/2; yu2(i)=y2;
rl=y0/p; y3a=y3:
v3=p2-y2-e*y 1 1(1)2~e*y(i)-rl; yul(j-1)=(y3a+y3)/2:yu3(j)=y3;
12=-y0/p2~y lip; 13=2*y0/p3-2%y 1 /p2+y2/p; rd=-6*y0/pa+6*y1/p3-3*y2/p2+y3/p;
yad=g3-y3-e*yul(i)d+e*y11(1)-e*y(1)-r2:
y5=gd-y4-e*yul(i)/8+3*e*yu2(i)/4-3*e*y1 1(i)/2+e*y(i}-r3:
end
% test]_1_1
p=x*3; p2=p*p; p3=p2*p; pd=p3¥p. pS=p4*p; hx=x/2; hx3=hx+3; e=exp(-x);
g10=2*(1-log(p})/p2; gl 1=-6/p3+4*log(p)/p3; g12=22/p4-12*log(p)/p4;
213=-100/p5+48*log(p)/p3.
g20=2*log(plip; g21=2/p2-2*log(p)/p2:
g22=-6/p3+4*log(pVp3: g23=22/p4-12*log(p¥p4:
vO=log(hx3): vI=1/(2*hx3); v2=-1/4*hx3"2); v3=1/(4*hx3"3);

wO=v0"2: wi1=2*v(Pv ) w2=2 v0*v2+2%v 172, wi=2%v0*v3+6*vI*v2;
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g30=e*w(; g31=e*(wl-w0); g32=e*{(w2-2*wl+w0): g33=e*(w3-3*w2+3*w1-w0);
sO=log(p). st=1/p; s2=-1/p2; 83=2/p3:

t0=s0"3; tI=(3%s0"2)*s1: 12=6*s0*s1"2+3*s("2*s2:

t3=6*(s0*2%s1*52+s] "3+ 3*(50"2*53+2*s0%s 1 ¥52):

gd40=(1/3)*(t0-1og(3)"3); gd1=(V/3y*tl: g42=(1/3)*12; g43=(1/3)*13;

gl=gl0+g20+g30+g40; g2=g11+-g21+g31+gdl; g3=g12+g22+g32+g42; g4=pg13+g23+p33+g43;

Test2
a=0; b=1;n=20:m=n/2; h=(b-a)/n; h1=h0/2; h00=-h0; h11=-h1; d=[1 0:0 1]; s=sqrt(3),
y00=-1; y10=-1: ¢=|y00;y10];h=h0; h2=h1;
test22
u=y00; v=y0; h=h00: h2=hi1;
test22
fl=w+2*u-2%v; 2=2%w+utv-s; f=[f1:£21;
disp('k cl c2 f1 2 "}
fprintf{"%21 %12.7f % 12.7f %12.7f %12.7f \n',0,¢".f")
for k=16
b=linsolve(d.-):
¢=b+c;
y00=c(1); y10=¢c(2): y(m)=y00;
h=h0; h2=hi;
test22
u=y00; v=y0: h=h00: h2=h!1;
test22
fl=y0+2*%u-2*y; {2=2*y(u+v-s; f=[f1:12];
aa=t/(b'*b); d=d+(aa*b");
fprintf("%21 %12.7f %12.7f %12.7f %12.7\n’ k.c.f)
end
Uu=w:

fori=1:m-1



xx(i)=yy(m-1):
end
h=h0; h2=hl;
test22
for i=m+1:n
xx(i)=yy(i-m);
end
x=0; h=h0;
disp('i v(x) exact err')

fprintf("%2i % 12.7f %12.7f %12.7f\n',0,u,0,0-uu)

xx(m)=y(m);
fori=l:n
x=x+h;
err=sin(a*x):

fprintf{’%21 %12.7f %12.7f %12.7f\n' i, xx(i),err.err-xx(1))
end
Yotest22
x=0.5; x2=(x+~0.5)/2: y0=y00; y1=y10; yul=y0: yul=y1; uva=0; ub=0; va=0; vb=0:
a=(2%pi)/3. a2=a*a; t=(x-0.5)/2; p=-(aZ+1/a2);
v2=p*y0+t*yulsa2+yull/a2 +x*(ua-ub)-va~vb; yu2=y2;
ual=yul/2; ubl=y0: val=x2*yul/2: vb1=x*y0;
y3=p*yl+t*yu2/(2*a2}-yul/a2+x*(ual-ubl)+ua-ub-val+vbl; yuld=y3;

ua2=yul/d; ub2=vyl; va2=x2*yul/4+yul/4: vb2=x*y1+y0;

vad=p*y2-t*yu3d/(4*a2)+3*yu2/(4*a2 }-x*(ua2-ub2 +2*(ual-ubl)-va2+vb2; yud=y4;

uad=yu2/8; ubd=y2; va3d=x2*yu2/B+yulsd: vbI=x*y2+2*y1;
yi=p*y3+1*yud/(8*a2)+yud(2*a2)+x*(ual-ub3)+3*(ua2-ub2)-vald+vb3; yus=y5;
uad=yu3/16: ub4=y3: vad=x2*yu3/16+3*yu2/16; vbad=x*y3+3*y2.

for iI=t:m

JFme2¥i
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yyO=y0+h2#(y 1 ~h2*(y2+h2*(y3-+h2*y4/4)/3)/2);
yyl=y 1 -h2*(y2+h2*(y3+h2*y4+h2*y5/4)/3)/2);
yO=yO-h*(y 1 -h*{y2~h*(y3+h*y4/4)/3)/2);
y1=y I-h*(y2<h*(y3~h*(y4+h*y5/4)/3)/2);
ua=ub+h2*(ub1-+h2*(ub2+h2*(ub3+h2*ub4/4)/3)/2),
ub=ub-h*(ubi+h*(ub2+h*(ub3+h*ub4/4)/3)/2).
va=vb+h2*(vh I +h2*¥(vb2+h2*(vb3+h2*vbd/4)/3)/2);
vb=vb+h*{vbl+h*(vb2+h*(vb3+h*vb4/4)/3)/2):
w=y0; rr(j-1)=ua; rr())=ub; ss{j-1)=va: ss(j)=vb; yuO(j-1)=yy0; yul (j-1}=yy1l; yul(j)=y0;
yul(j)=y1; yy()=y0: x=x+h; x2=(x+0.5)/2; t=(x-0.5}/2;
y2a=y2; y2=p*yO+t*yul{m+i)a2+yud(m+iya2+x* (r(m-i}-ubj-ss(m+i)+vh;
yu2(j-1)=(y2a+y2)/2; yu(j)=y2;
ual=yul(m+i):2; ubi=y0; val=x2*yud(m+1)/2; vb1=x*y0:
y3a=y3; yI=p*yl-t*yu(m+i}(2*a2Hyul(m+iya2+x*(ual -ub 1 )+rr{m+i)-ub-val+vb1;
yu3(j-1)=(y3a+y3)2; vul(j)=y3.
ua2=yuli{m+i)i4: ub2=y1; va2=x2*yul(m+i)/4+yudim+i)/4; vb2=x*yi+yl;
vda=yd; yd=p*y2+ttyud(m+i){4*a2)~3*yu2(m+1i)/(4*a2 +x*{ua2-ub2 }+2*(ual-ub1)-va2+vb2;
yud{j-1)=(yda-y4)/2: yud(j)=y3:
uad=yuZ(m+i)/8; ub3=y2: vad=x2*yu2(m+i)/8~yut(m+i}4; vb3=x*y2+2*yl;
y3=p*y3+t*yud{m+i)(8*a2 +yud(m+1)/(2*a2 J+x*¥(uad-ub3 H3*(ua2-ub2)-val+vh3;
vad=yu3(m+i}16: ubd=y3, vad=x2*yu3(m+i}/16+3*yu2(m+i)/16; vbd=x*y3+3*y2;

end

Test3

a=0; b=1: n=20:m=n/2; h=(b-a)/n; h2=-h; d=[1000; 01 00; 001 0; 000 1 |; e=exp(1); e2=e"2;
e24=e2/4; p=(e24+¢-5/12); y00=1: y10=1.5: y20=-1: wi=5; c=[y00,y10;y20;w1];

test3 3

f1=y0-y2-yul; 2=2*yu2-yul+y2-e; 3=y 1-y2+-yul-3; f4=-rul-+r0-wl; f=[f1:{2;f3;f4];

disp('j cl ¢2 c3 c4 fl 2 3 f4 ")

fprintf%21 % 12.7f %12.7f %12.7f %12.7f % 12,7 %12.7f %12.7f %12.76\n',0,¢',f")



for j={:18

test3 3

b=linsolve(d.-f);
c=b~+c:

y00=¢ (1): y10=¢ (2); y20=c (3); wi=c (4);

f1=y0-y2-yu0: f2=2*yu2-yul+y2-e: {3=y1l-y2+yul-3; fd=-ruG+r0-wl; f=[f1;£2;f3:f4];

aa=f{/(b'*b); d=d+(aa*b");

fprintf{"%62i % 12.71 % 12.7f %12.7f %12.7f %12.7f %12.7f %12.7f %12.7f\n' j,c",f')

end
disp{'i y{x) exact err')
x=0;
for i=l:n+1
z=expl{x)+x;
x=x-l;

fprintf"%2i % 12.7f %12.7f %612.7f\n"i.y(1},2,z-y(i))

end

%otestd 3

55

x=0.5; x2=1-x: y0=y00: y1=y10; y2=y20; yul=y0; yul=y1:; yu2=y2: t0=w; ru0=w; y(m+1}=y0;

fori=1:m

y3=x*yul-y2-x*yul+wl-p-x; yud=-x2*y2+yu2+x2*y l+wl-p-x2;
ri=x*y0*y1; rul=x2*yu0*yul;

yd=x*yu3-yu2+y3-x*yu2 +yul-1; yud=x2*y3-y2+yud-x2*¥y2+yl-1;
12=x*y(P*y2-xFy [ 2+y0*y 1; ru2=x2*yud*yu2+x2*yul *2+yul*yul;
yS=-x*yud+2*yud+yd+a¥yud-2¥yul; yudS=-x2*y4-2¥y3+yud+x2%y3-2%y2;

r3=x*y0*y3+3*5x*y [ *y2+2¥y 17 2+2 ¥y 0%y 2:

rud3=x2*yul*yu3—3*x2*yul *yu2+2*yul "2+ 2*yu0*yu2;

yo=x*yuS-3*yud+yS-xFyud+3*yud; yuo=x2*y5-3*yd+yuS-x2*y4+3*y3;

rd=x+y0Fyd+4*xFy 1 ¥y3+35y(*y3-O*y | ¥y 2+3¥x ¥y2/2;
rud=x2-yul*yud-+4*x2*yul ¥yu3+3*yud*yud=9*yul *yu2+3*x2¥yu2"2;

yO=y0+h*(y 1 +h*(y2+h*(y3+h*y4/4)/3)/2):



yi=y1-h*{y2-h*(y3+h*(yd+h*y5/4)/3)/2);
y2=y2+h*(y3~h*(yd+h*(y5+h*y6/4)/3)/2):
yuD=yulrh2*(yul+h2*(yu2+h2*(yu3+h2*yud/4)/3)/2);
yul=yul-h2*(yu2-+h2*{yu3d+h2*(yud-+h2*yus/4)/3)/2);
yu2=yu2+h2*{yu3+h2*(yud-h2*(yus+h2*yu6/4)/3)/2).
rO=rO0-+h*(e1+h*(r2+h*{r3+h*rd/4)/3)/2);
ruQ=ru0+h2*(rul~h2*(ru2 +h2*(ru3+h2*ru4/4)/3)/2),

x=x+h; x2=1-x: y(m~i+ 1=y y(m-i-1)=yu0;

end

yy=yu0;

Test4
a=1; b=2; n=20; h=(b-a)/n;d=[1000:0100;001 0000 1];
y00=1.8; y10=1.8; y20=1.95: w=9.6: ¢=[y00;y 10:y20:w]:
testd 4
f1=2*y00-y [ +y10-2; 2=y2-2*y20+y00; {3=y1-y00-y0+3; f4=r0-w; {=[f1;£2;f3;14];
disp(j el 2 3 o4 fl f2 f3 4')
fprintf{’2i %1271 %12.7f %12.7f %12.71%12.71 %12.7f %12.7{ %12.7f\n"0,c.1")
for j=1:25

b=linsolveld.-f);

c=h+c;

y00=c(1): y10=c(2); y20=c(3); w=c(4);
testd 4
f1=2*y00-y 1 -y 10-2; £2=y2-2*y20+y00; 3=y 1-y00-y0+3; f4=r0-w; f=[f1.f2:13;f4];
aa=f/(b'*b); d=d+(aa*b");
fprintfl{'%2i %1271 %1271 %1271 %12.71 %12.7f %12.7f %12.7f %12.7f\n' j.c',1)
end
xi=1;
disp('i y(x}  exact  err)

for i=1:n
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x1=x1+h:
z=x1"2-1;:
fprintf('%21 % 12.7f %12.7f %12.7f\n"i,xx(i),z,z-xx(i)}
end
% testd_4
x1=1; x2=1/x1; y0=y00; y1=y10; y2=y20: yul=y00: yul=y10; yu2=y20; r0=0; ru0=0;
fori=1:n
x12=x172; x13=x12%x1: x14=x13*xl; x15=x14*x1: x16=x15*x1;
x22=x2"2: x23=x22%*x2: x24=x23*x2: x25=x24*x2; x26=x25%x2;
y3=y202-2%yul-y | ¥y2+2*x12*yul+w-28/3;
yud=yu 2-2*y2-yul *yu2+2*x22*y 1 +w-28/3;
rl=y1°2: rul=yul”"2;
ya4=2%y2¥y3+2¥yu3/x12-y | ¥y3-y2"2-2¥yu2+4*x 1 *yul;
yud=2*yu2*yu3+2*¥y3/x22-yul *yu3-yu2"2-2*y2+4*x2*y1,
2=2%y*y2; ru2=2*yul*yul;
y5=2¥y2¥yd 2%y 30 2- 2 yud/x 14-4 % yudix 13-y | ¥yd-3*y2*y3+2*yu3/x 1 2-
4*yuix1-4*yul;
yuS=2*yu2*yud-+2¥yu3 2-2*y4/x24-4*%y 3/x23-yul *yud-3*yu2 *yu3+2*y3/x22-
4*y2ix2+4%y ],
r3=2%y [ *¥y3+2¥y2 2 rud=2*yul *yu3+2*yu2"2;
yOo=2%y2*yS+6¥y3*yd+ 2¥yuS/x 16+ 1 2% yud/x I 5+12¥yud/ix 14-y | ¥y5-4*y2*y4-
I*y302-2*vudix 14
yub=2*yu2*yuS+6*yu3*yud-2*y5/x26+12*y4/x25+12*y3/x24-yul *yus-4*yu2*yud-
3*yu3 2-2%y4ix24;
rd=2%y | *yd--6%y2*y3: rud=2*yul*yud-r6*yu2*yul;
x0=x2: x1=x+h; x2=1/x1; h2=x2-x0;
yO=y0+h*(y | -+h*(y2+h*(y3+h*y4/4}3)/2);
y1=y1+h*(y2+h*(y3+h*(yad+h*y5/4)/3)/2);
y2=y2+h*(y3+h*(y4-h*(y5+h*y6/4)/3)/2).

yul=yu0+h2*(yul+h2*(yu2+h2*(yu3-+h2*yud/4)/3)/2);
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yul=yul+h2*(yu2+h2*(yu3+h2*(yud+h2*yus/4)/3)/2);
yu2=yu2+h2*(yud~h2*{yud+h2*{yus+h2*yu6/4)/3)/2):
rO=r0+h*(r1+h*(r2+h*(r3+h*r4/4)/3)/2);
ruQ=ru0+h2*(rul +h2*(ru2+h2*(ru3+h2*ru4/4)/3)/2);
xx(D)=v0;

end

TestS
p2=pi/2; p4=pis4; a=0; b=p2; n=20; m=n/2; h=(b-a)/n; h2=-h; d=[1000;0 1 00:001 0,000 1];
y00=1.5; y10=1; y20=-3: w=1: c=[y00;y 10;y20;w1;
testS 5
fl=yul+3*yl+yul; 2=yu2+y0~y2-p2; fi=yu2+yl-yul+1; f4=r0; f=[f1,12;3;f4];
disp(j ¢l ) 3 4 fl 2 f3 4 ")
fprintfl'%21 %12 71 %1271 %1 2. 71 %% 12.7F %12.7f %1 2.7 % 12.7f %12.7f\n',0,¢',f)
for j=1:15

b=linsolve(d.-f):

c=b+c;

y0=c (1); y10=c (2); y20=c(3): w=c(4);
test5_5
fl=yul+3*ylryul: 2=yu2+y0+y2-p2; f3=yu2-+y1-yul+1; fd=ru0; f=[f1,£2;13:f4];
aa=f/(b'*b); d=d+(aa*b');
fprintf('%2i %1 2.7 % k2. 71 %127 %12. 74 %12 71 %1 2. 7€ % 12.71 % 12.7f ' j.c 1)
end
x=0;
disp('i y(x) exact err’)
for i=1:n+1

Z=sin( 2% )+

x=x+h;

fprintf('%2i %12.7f %12.7f %12.7fn" 1,y(1),z,z-y(i})



end

Yotest5 S
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x=p4; x2=p2-x: yO=vy00; y1=y10; y2=y20; yul=y0; yul=yl; yu2=y2; r0=w, rul=w; y(m+1)=y0;

for i=1:m

c2=cos(2*x): s2=sin{2*x); c22=cos(2%x2); s22=sin(2*x2):

cd=cos(4*x); sd4=sin(4*x); c4d=cos{4*x2); s4d=sin(4*x2):

y3=c2*yul/d-y0*yul/2-4*y 1+s4/8-x"3/3-4+rl):
yud=c22*y2/4-yu0*y1/2-4*yul+s44/8-x2"3/3-+4+rul);

r1=y("2; rul=yud"2:

yA4=-c2%yu3/d-s2*yu2/2+y0*yuld/2-y 1 *yul/2-4*y2+c4/2-x"2+r1;
yud=-c22*y3/4-822*y2/2+yul*y2/2-yul*y1/2-4*yu2+c44/2-x2"2+mul;
2=2*%y0*y ] ru2=2*yul*yul;

y5=c2*yudid+s2*yu3-c2*yul-y0*yu3/2+y 1 ¥yu2-y2¥yul/2-4%y3-2*s4-2*x+12;
yus=c22%y4/4+522%y3-c22%y2-yul*y3/2+yul *y2-yu2*y1/2-4*yul3-2*s44-2*x2+ru2;
r3=2%y(*y2-2*y [ 2; ru3=2*yu0*yu2+2*yul"2;

yo=-c2¥yuS/4-3*s2*yud/2+3*¥c2¥ yu3 - 2% 2  yu2+y0* yud/2-3*y | ¥yud/2+3*y2 *yu2/2-
y3*yuli2-4*y4-8*cd-2+r3;

yubh=-c22*y5/4-3%52 2%y A/ 2+ 3¥c22¥y3+2%s2 2%y 2 +yu0*y4/2-3 ¥ yu 1 *¥y3/2+
Fryul*y2/2-yud*y/2-4*yud-8*c44-2-rul:

r4=2*y0*y3+6*y 1 *y 2 rud=2*yuld*yuld+6*yul *yu2;

yO=yO0+h*(y 1 +h*{y2+th*(y3+h*y4/4)/3)/2);

yi=y l+h*¥y2+h*(y3+h*(yd+h*y5/4):3):2);
y2=y2~h*{y3-h*(yd-h*{y5+h*y6/4)/3):2);
yuO=yul+h2*(yul~h2*{yu2-h2*(yu3+h2*yud/4)/3)/2);

yul=yul-h2*(yuZ +h2*{yu3+h2*(yud+h2*yu5/4)/3)/2);
yu2=yu2+h2*(yud+h2*(yud+h2*(yus-h2*yu6/4)/3)/2);
rO=r0-+h*(r1-+h*(r2+h*(r3~h*r4/4)/3)/2);

ru0=ru0~h2*(rul +h2*{(ru2+h2*(ru3+h2*r4:4)/3)/2);

y(m+i+1)=y0:; y(m-i+1)=yul; x=x+h; x2=p2-x:

end




